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RESOLVENTS OF ELLIPTIC BOUNDARY PROBLEMS ON 
CONIC MANIFOLDS 

THOMAS KRAINER 


Abstract. We prove the existence of sectors of minimal growth for realiza¬ 
tions of boundary value problems on conic manifolds under natural ellipticity 
conditions. Special attention is devoted to the clarification of the analytic 
structure of the resolvent. 


1. Introduction 

The present article is a continuation of the investigation of resolvents of elliptic 
operators on conic manifolds from EUS to the case of manifolds with boundary 
and realizations of operators under boundary conditions. Our principal focus of 
interest are resolvents of boundary value problems satisfying a parameter-dependent 
ellipticity condition that resembles the Shapiro-Lopatinsky condition. 

While the study of operators on a conic manifold without boundary is mainly 
motivated by questions from spectral theory and geometric analysis, the analysis 
of boundary value problems has in addition a wide range of applications in par¬ 
tial differential equations. In particular, results about the structure and growth of 
resolvents of operators with respect to the spectral parameter have immediate con¬ 
sequences as regards the existence, uniqueness, and maximal regularity of solutions 
to parabolic linear and semilinear equations. Hence this paper naturally belongs to 
the study of partial differential equations in nonsmooth domains, a subject which 
due to its importance in models from applications has recently attracted increased 

attention (see m Ha. i22i, m, m, 12a, to mention only a few). Our results, 

in particular, give a fairly complete picture about the existence of sectors of min¬ 
imal growth for L 2 -based realizations of general elliptic boundary value problems 
in domains with cone-like singularities on the boundary. They seem to be new also 
when specialized to second order equations under Dirichlet, Neumann, or oblique 
derivative boundary conditions. 

We begin this paper with a brief discussion on manifolds with boundary and con¬ 
ical singularities. We recall the definitions and some properties of totally character¬ 
istic and cone differential operators, and give a short description of their symbols. 
We consider boundary value problems for both of these operator classes and give 
the suitable definition of parameter-dependent ellipticity (called b- and c-ellipticity). 
Our primary focus, however, are cone operators. 

In case of boundary value problems for totally characteristic operators, there is 
just one realization of an elliptic operator, and the ^-ellipticity with parameter in a 
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sector A C C already implies that A is a sector of minimal growth for this realization. 
The situation of boundary value problems for cone operators is completely different. 
There is a variety of domains for every boundary condition, cf. a, HU, HB|. Each 
of these domains can be characterized by the asymptotic behavior of its elements 
near the singularities, and c-ellipticity with parameter in a sector A is not sufficient 
to insure that A is a sector of minimal growth for a given domain (c-cllipticity just 
entails Fredholm solvability). Similar to the boundaryless case in [HUH] , it turns out 
that an additional spectral condition needs to be required for a model boundary 
value problem on the model cone with an associated domain. The model boundary 
value problem is obtained by “freezing the coefficients” at the singularities, and 
the additional spectral condition can be regarded as a kind of Shapiro-Lopatinsky 
condition, but associated with the “singular boundary”, coming from blowing up 
the conical points. The arbitrariness in the choice of a domain is the source of 
substantial difficulties which cannot be overcome merely by considering spaces with 
weights, a technique that is widely used in the literature since Kondratiev’s seminal 
paper m- 

In the SectionsHJElwe discuss the domains of realizations of parameter-dependent 
elliptic boundary value problems for cone operators, the associated model boundary 
value problem, and the link between these two. 

An important component of this paper is the parametrix construction that we 
perform in Section [U Technically, our approach makes use of Boutet de MonvePs 
calculus away from the singularities (cf. H2J, |32|), several aspects of pseudodiffer¬ 
ential boundary value problems on conic manifolds without parameters (cf. EDI), 
and, near the singularities, we employ in addition some techniques from the edge- 
calculus as studied in the monograph \m 

Finally, in Section 0 we use our parametrix to describe the pseudodifferential 
structure of the resolvent and prove in Theorem EU the existence of sectors of 
minimal growth for realizations of boundary value problems for cone operators 
under natural ellipticity conditions, the main result of this note: 

Theorem: Let A be a cone operator of order m > 0, and T be a vector of boundary 
conditions for A. Assume that the associated boundary value problem is c-elliptic 
with parameter in the closed sector AcC, see Section^ 

Let Anin (At) C V(At) C T> max (AT) be any domain of A under the boundary 
condition Tu = 0 in a weighted L^-space on the manifold, and let T> Al min (^a,t a ) C 
2 ? a (A Ai t a ) C ©A.ma x (A a ,t a ) he the associated domain to V(At) for the model 
operator A a under the boundary condition T A u = 0 on the model cone as described 
in the Sections 0 and\Q 

If A is a sector of minimal growth for A a with domain T , a (^-a,t a ) ) then A is a 
sector of minimal growth for the operator A with domain T>(At) (see Dehnition M . 1\ 
below). Moreover, the resolvent of A with this domain can be written in the form 

(A v - A )" 1 = Bt{ A) + (A v - A) _ 1 n T (A), 

where Bt{A) is a parameter-dependent parametrix of A — A taking values in the 
minimal domain V m \ n (Ar), and Ibr(A) is a regularizing projection operator onto a 
(finite dimensional) complement of the range of A —A on ©min (A-r) (see Section [7]!. 

The idea for proving this theorem is the construction of an invertible abstract 
reference problem fTheorem l7.2 1 1) that is used to reduce the resolvent constructions 
to the finite dimensional contribution beyond the minimal domain. In this sense, we 
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perform a reduction to the “singular boundary”, and the resulting operator family 
plays technically a similar role as, e.g., the Dirichlet-to-Neumann map in regular 
boundary value problems. However, a canonical reference domain for the operator A 
with boundary condition Tu = 0, which could be regarded as a “Dirichlet extension” 
with respect to the singular boundary, does not exist. 

Compared to the boundaryless case in 0 E|, managing the boundary conditions 
requires special care and forces setting up a much more elaborated machinery. By 
consistently working with full operator matrices (with domains that are associated 
with the inhomogeneous boundary value problem), we are able to transfer some 
methods from the boundaryless situation. This also makes it possible to concen¬ 
trate on the essential singular part of the problem when coming to the resolvent 
constructions in Section |3 

Acknowledgement: This article emerged from a collaboration with Juan Gil 
(Penn State Altoona) and Gerardo Mendoza (Temple University, Philadelphia). 
The author wishes to express his gratitude for many invaluable discussions on the 
subject of this paper. 

Throughout this article, let 

A = {z = re 16 ] r > 0, \9 — Qq\ < e} 
with 6 0 € M and £ > 0 be a closed sector in C. 

Definition 1.1. Let H be a Hilbert space and A : T>{A) C H —> H be unbounded, 
densely defined, and closed, i.e. T>{A) is complete in the graph norm 

IMU = [|w||h + ||Au||ff. (1.2) 

We call A a sector of minimal growth for the operator A (with domain T>{A)) if 

A- A : V(A) -> H 

is bijective for large |A| > 0 in A, and if the following equivalent norm estimates for 
the resolvent (A — A) -1 : H —> T>(A) are satisfied: 

i) \\( A - A) _1 || s?(h) = 0(|A| _1 ) as |A| -> oo. 

ii) ||(A - A) -1 ||j ?(h,v(A)) = 0(1) as |A| ->• oo. 

2. Manifolds with boundary and conical singularities 

Definition 2.1. A compact conic manifold with boundary is a second countable 
compact Hausdorff topological space M s j ng such that there exists a finite subset S 
with the following properties: 

i) M s ing \ S is a smooth manifold with boundary. 

ii) Every s £ S has a neighborhood U(s ) C M s ; ng which is homeomorphic to a 
neighborhood U of 

5=({0}xF)/({0}xF) 

in (R+ x U)/({0} x Y), where Y is a compact smooth manifold with boundary, 
and the homeomorphism restricts to a diffeomorphism t/(s)\{s} = f7\{s}. 
The set S is the singular set in M s i ng , the elements of S are called conical points. 

As in the boundaryless case, analysis on conic manifolds with boundary is per¬ 
formed away from the conical points. Consequently, by eventually passing to 
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JV/ying-/ S. we can and will assume henceforth that M s i ng has only one conical point 
s. Note that the manifold Y in Definition rm is not assumed to be connected. 

It is evident from the definition that A s i ng , the boundary of M s - lng , is a compact 
conic manifold without boundary and conical point s. 

Definition 2.2. A cone structure on M s i ng is a maximal atlas consisting of a 
differential structure for the smooth manifold with boundary M s i ng \ {s}, as well as 
coordinate neighborhoods of the conical point s of the form U ( s ) from Definition 
rm where away from s the coordinate changes are C°°-diffeomorphisms, and the 
coordinate change 

R+ xYD U\{§} 3* F\{S} Cl + xF 
of any two charts near the conical point s extends to a C ,oc -mapping 
((-oo, 0] x F) U (tf\{S}) —v ((-oo, 0] x F) U (F\{S}) 

between these open subsets of K. x Y. Note, in particular, that by continuity the 
cocycle property of coordinate changes near s is preserved up to the origin, i.e., up 
to {0} x F. 

Any cone structure on M s i ng gives rise to a unique cone structure on the boundary 
iV s in g . We will always assume that a cone structure on M s i ng is fixed, and the 
boundary will be given the induced cone structure. 

Let M be the compact space obtained from Af s j ng by blowing up the conical 
point s to Y. Note that M and the canonical embedding Y M are invariants of 
the cone structure, and each local chart of M s - nlg near the conical point s gives rise 
to a collar neighborhood of Y in M. 

We have a canonical identification M/Y = M s j ng as compact conic manifolds 
with boundary. The double 

2M = M U Y M 

is a compact smooth manifold with boundary, where the (7°°-structure is inherited 
from collar neighborhoods of Y in M. Evidently, A = <9(2 M) H M is the blow-up 
of A s i ng , a compact manifold with boundary dY. 

Let us fix a defining function x € C°°(2M) for Y with x > 0 on M\Y. 

Definition 2.3. By Diff™(Af) we denote the restrictions to M of the m-th order 
differential operators on 2 M which are totally characteristic with respect to Y. 
Thus Diff^(M) is the enveloping algebra generated by the restrictions to M of the 
vector fields on 2 M which are tangent to Y and C°°(2M). 

Observe that N\dY , the regular part of the boundary of M, is not necessarily 
characteristic for the elements of Diff^(M). 

Correspondingly, let Diff™(M; E, F) be the space of m-th order totally charac¬ 
teristic differential operators acting in sections of the bundles E and F. Note that 
we consider here complex vector bundles that are restrictions of smooth bundles on 
2M to M. _ 

The operators A £ a; _m Diff ™(M\E,F) are the cone operators of order m. If 
(x, y) are local coordinates near p £ Y C M with x > 0 on M and x = 0 on Y, 
then A takes the form 

A = x~ m Yl a k , a (x,y)D%(xD x ) k 

k-\-\a\<.m 

with coefficients afc jQ ,(x, y) that are smooth up to x = 0. 
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Totally characteristic operators A £ Diff™(M; E, F), m £ No, have an invariant 
6-principal symbol on the compressed cotangent bundle b T*M , see EBEZI. Recall 
that b TM is the bundle on M whose smooth sections are the restrictions of the 
vector fields on 2 M to M which are tangent to Y. The compressed cotangent 
bundle b T*M is the dual of b TM. 

In the c-cotangent bundle was introduced, and it was proved that cone op¬ 
erators have invariantly defined principal symbols there. Consequently, with an 
operator A £ x~ m Diff™(M;E,F), m £ No, we associate its c-principal symbol 
c a(A) on C T*M, a section of the bundle Hom( V'E. c tt*F). Here Gr : C T*M —> M 
is the canonical projection map. 

The definition of the c-cotangent bundle C T*M is similar to the 6-construction, 
and its space of smooth sections are the restrictions of 1-forms from 2 M to M which 
are, over Y, sections of the conormal bundle of Y in T*(2M). 

There is a second principal symbol associated with an operator A, the 6- or 
c-principal boundary symbol b arg(A) or c arg{A), respectively. 

Definition 2.4. Let A £ x~ m Diff™(M; E, F), and let U(p) C 2 M be a small 
neighborhood of the point p £ <9(2 M) l~l M on the boundary of M, and consider 
local coordinates (z',z n ) centered at p with z n > 0 and z n = 0 on <9(2 M). Let 
c a(A)(z f , z n ; £ n ) be the local representation of the c-principal symbol in these 
coordinates, a (iV_ x IV+)-matrix function with N _ = dimF and N + = dimF. 

The operator family 

c arg(A)(z'; C) = c t*{A)(z', 0; C', D Z J : J^(S+) ® ^(1+) ® (2.5) 

is then a local representation of the c-principal boundary symbol c ara(A) of A. 

It is more tedious than hard to see that the c-principal boundary symbol is in¬ 
variantly defined on C T*N , a section of the bundle Hom( c y + <g) c ir*E, C Y’+ 0 VF). 
Here C SA+ is a bundle on C T*N with fiber oS^(K+) which comes up canonically when 
changing to a different local representation E3 near p. 

Analogously, with a totally characteristic operator A £ Diff™(M; E, F ) we asso¬ 
ciate the 6-principal boundary symbol b «jg(A), a section of the bundle Hom( b S fi + 0 
\*E b y + 0 b n*F) over b T*N. 

Definition 2.6. Let 0 6 SI C C be a conical subset. The operator family A-As 
Diff™(M; E), A £ S2, is called 6-elliptic with parameter, if spec( b <ar(A)(z, C))nH = 0 
for (z, C) £ b T*M\ 0. _ 

Analogously, for a cone operator A £ x~ m Diff™ (M ; E) the family A — A is called 
c-elliptic with parameter A G H iff spec( c «r(A)(z, ())nO = 0 for (z, Q £ C T*M\ 0. 

Obviously, A — X £ x~ m Diff™(Af; E) is c-elliptic with parameter if and only 
if x m A — A £ Diff™(M;F) is 6-elliptic with parameter, and, if ST = {0}, 6- and 
c-ellipticity with parameter reduces to ordinary 6- and c-ellipticity. 

3. Boundary problems for totally characteristic operators 

In this section we consider boundary value problems for totally characteristic 
operators A £ Diff™(M;F), m £ N. 

We assume henceforth that A —A is 6-elliptic with parameter in the sector A C C. 
Proposition 3.1. The b-principal boundary symbol 

b <u d (A)(z\ CO - A : 0 \*E -f 0 \*E 
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is 


surjective and has finite dimensional kernel for all A) £ ( b T*N x A)\0. 

Consequently, the kernels form a vector bundle K. on ( b T*N x A)\0. 


For a sufficiently smooth section u of a bundle F on M\Y we denote by 'yu 
its restriction to the regular part N\dY of the boundary, which gives rise to the 
restriction operator 7 . 

Now let Bj £ Diff™ 3 ( M;E , Fj), mj < m , be totally characteristic, j = 1 , ,I\. 
We consider the family of boundary value problems 


(A — X)u = f in M = M\Y , 
Tu = g on ~N = N\dY 


(3.2) 


for the operator A, where T = ( 7 S 1 ,... , 7 Bxf- 


Definition 3.3. The boundary value problem ifra is called 6 -elliptic with param¬ 
eter A £ A if 

f ( b 7o ®L** Fl ) b <rd(Bi)(z',C) \ K 

\( br y0 ^ I^F K ) b ^d(BK){z'X')J 0=1 


is bijective for all (z', A) £ ( b T*N x A)\0. Here 6 70 : b XY + —> C is the canonical 
evaluation map at zero. 

Note that this notion of 6 -ellipticity is the appropriate version of the Shapiro- 
Lopatinsky condition for families of totally characteristic boundary problems. 


Let m > 0 be a 6 -density on 2M, i.e. im is a smooth everywhere positive density. 
Let L b (M;E) be the L 2 -space of sections of the bundle E on M with respect to m 
and a Hermitian inner product on E. 

For s £ No let H§(M;E) be the Sobolev space of all L 2 -sections u such that 
Cu £ L 2 for all totally characteristic operators C of order < s, and let H b0 (M;E) 
be the closure of all C^-sections of E in H b (M; E). Note that the C^°-sections 
here are supported away from the boundary N U Y. 

For s £ —N let Hf (M ; E) be the dual of E), and analogously let 

H b0 (M;E) be the dual of H b s (M;E) with respect to the sesquilinear pairing 
induced by the L 2 -inner product. For arbitrary real s we define H§ 0 (M;E) and 
H b {M-,E) by interpolation. Analogously to the boundaryless case, we also consider 
weighted spaces a TH b for arbitrary weights /.1 £ R. 

For every s > —1/2 we consider the boundary value problem 13.21) as a family 
of continuous operators 


A-A 
T 


: x»H° +m (M-,E) 


K 


x^H§(M;E) 


@x^H s b +m mj 1 / 2 (iV; Fj) 


(3.4) 


1=1 


Correspondingly, we consider the realization of A under the boundary condition 
Tu = 0, i.e. the unbounded operator 


A t : V s (A t ) C x^H^M-E) -> x^H^M-E) 

with domain V s (At) = {u £ x^H b +m (M]E)\ Tu = 0} that acts like A. We 
sometimes also say that this is the LP +m -realization (or just H-realization) of A 
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in order to emphasize that we assume apriori smoothness of order s + m in M as 
it is custom in boundary value problems. 

It is a part of Theorem Id.51 below that the boundary condition 

K 

T : x^Hf +m (M-E) -► 0 Fj) 

3 =1 

is surjective for s > —1/2. In particular, the operator (13.41) is invertible for some 
A £ A if and only if A ^ spec(A'r). 

Theorem 3.5. Let El be b-elliptic with parameter A £ A, and let /iSR. There 
exists R = R(p) > 0 such that for A £ A, |A| > R, the operator (13.4D is invertible 
for all s > —1/2. 

Moreover, we have || (At — A ) -1 1 | = 0(|A| _1 ) as |A| — > oo for the Jzf L\)-norm 
of the resolvent of A with domain T>(At) = V°(At) C x^L^(M\ E), and the norm 
of the resolvent in ^(x^Hff) of realizations in Sobolev spaces of higher regularity is 
polynomially bounded as |A| —> oo. 

As A with domain 'D(At) is closed, we thus obtain that 6 -ellipticity with param¬ 
eter implies that A is a sector of minimal growth for A. 

The proof of Theorem 13.51 follows by constructing a parametrix of El within 
a Boutet de Monvel’s calculus of parameter-dependent boundary value problems 
of totally characteristic pseudodifferential operators (a suitable modification of the 
arguments given in Section 0 up to Proposition 17.81 will do). 

As our interest in this article lies in resolvents and spectral properties of boundary 
value problems for cone operators we will not pursue this here. 

Despite of the many similarities between cone operators and totally characteristic 
operators, the spectral theory for cone operators is much more complicated than 
the spectral theory of totally characteristic operators. This is underscored by a 
comparison of Theorem 13.51 and Theorem EU 

Assuming parameter-dependent ellipticity, for every weight /r £ K there is only 
one ff-realization of a totally characteristic operator A under the boundary condi¬ 
tion Tu = 0, and this realization is well-behaved for large parameter values as The- 
orem 13.51 shows. In contrast, for every weight p £ R there are many ^-realizations 
of cone operators, and the spectrum of every such realization could be C (see also 
[3 El for a discussion of the boundaryless case). 

For later purposes, we recall the notion of the conormal symbol associated with 
a totally characteristic boundary value problem on M: 

If u is a smooth section of E on 2M that vanishes on Y, then also Pu vanishes 
on Y for every P £ Diff l (M ; E,F ). Consequently, if v is a section of E on Y and u 
is any extension of v, then (Pu) |y does not depend on the choice of the extension. 
Thus, associated with P there is a differential operator 

P( 0) : C°° (Y ; E) -> C°°(Y;F) 

of the same order as P. Since C 3 c x~ la Px la is a family of totally characteristic 
operators, we so obtain the operator valued polynomial 


C3(7M P(a) £ Diff* (Y ; E, F), 
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the conormal symbol associated with P. If P is part of a boundary condition 7 P, 
we associate with this condition its conormal symbol 

C 9 a v -► 7 P(<r), 

where 71 ; denotes the restriction of the section v on Y to the boundary dY. In this 
way we obtain for each AsA the conormal symbol of the boundary value problem 
EH, a family of boundary value problems 

C°°(Y: E) 

h(a,X) : C°°(Y)E) —> * ®_ (3.6) 

© C°°(dY ; Fj) 

i=1 

on Y depending holomorphically on a £ C and A £ A. 

Provided that eh is 6 -elliptic with parameter A £ A, the conormal symbol EH 
is for every a £ C and A £ A an elliptic boundary value problem on Y, which is 
even elliptic with parameter (cr, A) £ {3(<r) = a} x A for every fixed a £ R. 


4. Realizations of boundary problems for cone operators 


Let A £ x~ m Diff™(M; E), m £ N, be a cone operator such that A—A is c-elliptic 
with parameter in the sector A C C. 

Analogously to the case of totally characteristic operators, we then know that 
the c-principal boundary symbol 

c a d (A)(z',C ) - A : C J^+ ® VE -> C J^+ O VE 

is surjective and has finite dimensional kernel for all (z',(',A) £ ( C T*7V x A)\0. 
Let K be the bundle of kernels on ( c T*A r x A)\0. 

Let Bj £ x~ mj DifT^ J (M;E , Fj). rrij < m , be cone operators, j = 1,..., K, and 
consider the family of boundary value problems 


(A — X)u = f in M = M\Y, 
Tu = g onI= N\dY 


for the operator A, where T = ( 7 R 1 ,... , 7 BkY- 


(4.1) 


Definition 4.2. The boundary value problem ED is called c-elliptic with param¬ 
eter A £ A if 

( ( c 7o ® I^*F 1 ) c w a (B 1 )(z'X') \ K 

i : > 0 VFj 

\{ C 10®Icn*F K ) C ®d{B K )(z' 1 C,')) j=1 

is bijective for all (z',0',X) £ ( C T*N x A)\0, where c 7 o : C SA+ —> C is evaluation 
at zero. 

Similar to the case of totally characteristic operators, c-ellipticity is the appro¬ 
priate version of the Shapiro-Lopatinsky condition for cone operators. 


Lemma 4.3. The boundary value problem ED with cone operators A and Bj, 
j = 1,.. .,K, is c-elliptic with parameter A £ A if and only if the boundary value 
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problem 

(( x m A) — A )u = f in M, 

7(x mj Bj)u = gj on N, j = 1,... ,K 
is b-elliptic with parameter A G A in the sense of Dehnition \,‘i.,‘H 


Our primary concern is to investigate the spectral properties of c-elliptic bound¬ 
ary value problems under the assumption of parameter-dependent ellipticity, i.e. 
we investigate the operator family 


( A t A ) C x IJ Hf(M;E) 


x^H§(M-,E) 


0 x n+m-m j H °+™ raj 1/2( N . Fj ) 

i=l 


(4.4) 


for s > —1/2 and some weight /i £ R, as well as the behavior of the associated 
family of unbounded operators 


A - A : V s (A t ) C x»H£(M-E) x^H/(M-E) (4.5) 

with domain V s (At) = V s ( T ) O kerT. Of particular interest is of course the case 
s = 0, i.e. the .^-realization 0 f the operator A under the boundary condition 
Tu = 0. 

The domain in <m can be any intermediate space 



of the minimal and maximal cc At .ff/ +m -domains 


Vi 


V s • 

min \ rj-i 


= vt 


Au G x^HI(M- E), 

G X»H°+ m (M;E)- : lBjU G x n+m-m ]H s+m-m 

for j = 1 ,...,K 
A ' n Pi x^ +m - e H s b +m (M-E). 


\N-F 3 ) 


T 


£>0 


As conjugation of (14.411 with the weight function x s for any <5 G 1 gives rise to a 
unitary equivalent parameter-dependent c-elliptic boundary value problem of the 
form ED in the corresponding shifted function spaces, we can without loss of 
generality base all our investigations on the weight p = —m/2. Moreover, we 
usually write V s = V s (£) as well as V = V °(^). 

A discussion of domains and adjoints of c-elliptic boundary value problems and 
normal boundary conditions is given in 0, generalizing previous results in El 
in the boundaryless case. In contrast to the mere c-elliptic case, our situation of 
parameter-dependent c-ellipticity makes it possible to avoid a technical discussion 
of the issue of normality. 

The next proposition follows analogous to the boundaryless case from a corre¬ 
sponding analysis in the Mellin image using the conormal symbols of ED , see m, 
El- The proof of the Fredholmness in part iv) follows by employing a standard 
parametrix (without parameters) of elliptic boundary value problems on the cone, 

see, e.g., fHDj, ID- 
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Proposition 4.6. Assume that (EJ is c-elliptic with parameter in some closed 
sector A C C. 

i) complete in the norm 

K 

IMUt = |w|| a .-m/2 J J»+m + \\Au\\ x - m /2 H s + ^ \\lBjU\\^ 2 _ m . ^m.-^-1,2 , ( 4 . 7 ) 

3=1 

and XW n C X7^ ax is a closed subspace of finite codimension, 
ii) We have 

m/2 TTS+m q~,s t>s -m/2+e zrs+m 

X n b f ^min ' ^max * ‘ L 11 b 

for some £ > 0 with continuous embeddings. In particular, the embedding 
DJ,ax r ~~* x~ m / 2 H b is compact, 
in) C'q°(M;S) C 2?^^ * s a dense subspace. 

iv) For every A 6 C the boundary value problem fHjl is Fredholm with index 
independent of X and s > —1/2, and we have the following relative index 
formula 

ind ( A T X ^j = ind + dimT)S /V'rrnn- ( 4 - 8 ) 

^ ^min 

Here the subscripts refer to the corresponding domains. 

The quotient T’max/^min is actually independent of s > —1/2 and can be identi¬ 
fied with a space of singular functions. We will come back to this in Section El soon 
(see also 0, Section 6 ). 

From Lemma ro and Theorem 13.51 we obtain that the boundary condition 

K 

T : x m/2 Hf +m (M-,E) ^ x m/2 ~ mj H b +m ~ mj ~ 1/2 (N-, Fj) 

3=1 

is surjective, and necessarily so is its extension to V s by Proposition mu Conse¬ 
quently, for every A £ C, 

A t - X: V s (A t ) -> x~ ml2 H s b (M ; E) 

is Fredholm with index 

ind (A - X)t>s ( At ) = ind A v *( At ) = ind 

and a necessary condition for A with domain T>(At) to admit nonempty resolvent 
set is that ind(A 7 ’ im ; n ) < 0 and hu^A-r^max) > 0 (in JS] such issues are discussed 
from a fairly abstract perspective, and many of the results therefore apply also to 
the situation under study in this article). Moreover, (14. 411 is invertible for some A 
if and only if (14.51) is bijective, i.e. if and only if A ^ spec(Ay). 

Let us formulate an immediate consequence of these observations (note, in par¬ 
ticular, that this constitutes a substantial difference to the totally characteristic 
case): 

Corollary 4.9. Let G3J be c-elliptic with parameter in the closed sector A C 
C. Then either the spectrum of the operator At : T> s (At) C x~ m ^ 2 H b (AI\E) —► 
x~ m / 2 H b (M; E ) is discrete or it is all of C, and a necessary condition for the 
spectrum to be discrete is that ind Ax>b^ A t \ = 0 . 
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Lemma 4.10. The mapping T> s (^f) — > T> s (At) = T> s ( Piker T is a bijection of 
the lattice of intermediate spaces 



onto the lattice of intermediate spaces 

v Lin( a t) C V s (A t ) c V s max (A T ), 

where 

V s min (A T ) = {«ef) x m/2 - e H° +m (M;Ey, Au £ x~ m/2 H s b [M-E) and Tu = 0}, 
£>0 

D^(At) = {« G x- m/2 H s b +rn {M-E)- Au £ x~ m/2 H s b (M-E) and Tu = 0}. 

We have dimV s max (^)/V s min (^) = dimD s max (A T )/V s min {A T ). More precisely, given 
a basis 

Sj+ V min(y). 

of 'Dmaxir)/Dminir)> we P u o e x m / 2 H b +m (M; E) with Tsj = Tuj and obtain 
in this way a basis 

(Sj ~Uj) +D s min (A T ), j = l,...,M, 
ofV s max (A T )/V° min (A T ). 

As already mentioned, the Sj in Lemma 14. 101 can be chosen to be singular func¬ 
tions (see also Section EJ, and the domains D s (^) as well as the corresponding 
domains V s (A t) are thus characterized in terms of a specified asymptotic behavior 
near Y. 

Proposition 4.11. If At — A : V s (At) —> x~ m ^ 2 H b (M; E) is invertible fo r some 
A £ C and some domain T> s (At), then A is closed in the functional analytic sense 
for every domain P(G n (A-r) C V s C 'Dmaxi-Ar), i-e. V^^At) is complete in the 
graph norm 

IML = IMI + I|A1m|| x -m/2 H s. 

Proof. Let (uk)k C V^^At) be such that Uk —> u in x~ rn ^ 2 H b and Auk —> v in 
x~ m / 2 H b . Consequently, (A — X)uk —> v — Xu in x~ m ^ 2 H b , and by the closed graph 
theorem the inverse 

(A - A)" 1 : x- m/2 H s b -> V s (A t ) 

is continuous, where V s (At) is endowed with 14.71 . Thus there exists a convergent 
sequence (vk)k C V s (At) C T>^ ax (AT) with (A — A )vk = (A — X)uk —> v — Am as 
k — ► oo. Let ker(A —A) C V( nax (AT) be the eigenspace of A with domain / D% dbx (At) 
associated with the eigenvalue A. As A — A : D^ ax (Ar) —> x~ m ^ 2 H b is Fredholm, 
this eigenspace is finite dimensional, and so the norm (1X71) and the x~ m l 2 H s b -norm 
are equivalent on this space. Consequently, the sequence («/■ — Vk)k C ker(A — A) 
is convergent with respect to 03, and thus Uk = Vk + (uk — Vk) is also convergent 
in V^^At) with respect to (14.711 . and the limit necessarily coincides with the 
x~ m l 2 H b -limit u. □ 
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5. The associated boundary value problem on the model cone 

For convenience, we fix from now on a collar neighborhood Uy = Y X [0, 1) of 
Y in M. Let x be such that in this neighborhood it coincides with the projection 
to [0,1), and the 6-density m be such that its pull-back equals dy ® y-. In this 
neighborhood, the vector bundles E and Fj , j = 1 .,K, are isomorphic to the 
pull-backs of their restrictions to Y . and we also fix such isomorphisms. 

Every cone operator B £ x~ m Diff™(M; E, F) can be written in the form 

IV-1 

B = x~ m J2 PkX k + x N ~ m P N , (5.1) 

fc=o 

where N £ N is arbitrary, Pjv £ Diff™(M; E, F), and the P& £ Di E, F) 
have coefficients independent of x near Y. 

Recall that an operator P £ Diff™(M;E, F) is said to have coefficients indepen¬ 
dent of x near Y, or simply constant coefficients, if 

^xd x P{ u ) = P{^xd x u ) 

for any smooth section u of E supported in Uy. Here V denotes a Hermitian 
connection on E or P, respectively. 

Let Y = M+ x Y be the model cone, and correspondingly let (dY) A = R + x (dY) 
be the model cone associated with the boundary. 

With B £ x~ m Di&™(M;E,F) we associate on Y A the model operator P A = 
x~ m Po, where Pq is the constant term in the expansion EH- Moreover, if B is part 
of a boundary condition, we let 7 a-B a be the model boundary condition associated 
with "/B, where for every sufficiently smooth section u on Y \ Y we denote by 7 A -u 
its restriction to the regular part of the boundary ( dY) A \ dY. 

Consequently, for the family of boundary value problems E3 for the operator 
A there is the following associated family of model boundary value problems 

L4 a — X)u = f inF A =F A \F. 

_o_ A [_ 7 _ (5.2) 

T a u = g on dY = {dY) A \dY 

for A a on the model cone T A , where T A = ( 7 A Pi )A , ..., 7 a Hk,a)*. 

The problem (15.211 is naturally realized in the scale of /C s,a -spaces on the model 
cone. We briefly recall the definition of these spaces (see, e.g., ESI): 

Definition 5.3. Let D C S'™ -1 be an embedded (n — l)-dimensional ball (with 
boundary). Let H* one (Y ;E) be the space of ^^-distributions u such that given 
any coordinate patch fl on Y diffeomorphic to an open subset of D C 5 n_1 , and 
given any function ip £ Cg 0 ^), we have (1 — u)ipu £ H s (D A ; E), where B A = 
K + x D C R" is regarded as the cone in R” \ {0} over ID in polar coordinates, and 
the Sobolev space on B A is the space of LP-distributions in R n restricted to that 
cone. 

Correspondingly, we have the space H^ one {(dY) A -, F) that is defined in the same 
way via regarding (9 Y) A (locally) as a cone in R ra_1 . 

Here and in the sequel, u> £ C'g°(R+) denotes a cut-off function near zero, i.e. 
u> is supported near the origin with u> = 1 near zero, and we consider u> a function 
either on Uy or on Y (or on (9T) A ) which depends only on the variable x. 
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For s,a£lwe define /C S,Q (F A ; E) as the space of distributions u such that 
lou G x a H°(Y A - : E) and (1 - u)u G x (n ~ m)/2 H s cone (J A ■ E), 

and IC s ’ a ((dY) A - F) as the space of all u with 

lou G x a H°((dY) A ;F) and (1 - uo)u G x^- 1 -^ 12 H s cone {{dY) A -, F). 

Obviously, the /C s, “-spaces have natural Hilbert space structures. Note, in par¬ 
ticular, that JC 0 ’- m / 2 = x~ m ! 2 L\, and the ir _m / 2 Lf-inner product serves as the 
reference inner product on the model cone. 

For s > — ^ the model boundary value problem (15.211 is considered as 

£ S ,-m/2(y A .£) 

C K s -m / 2(y A ;B ) _> K 0 _ 

0 j£s+m,-m j -l/‘2,m./2-m j ((^y) A . p. j 
3 =1 

(5.4) 

with W Atain (%) C C ^, max (^), Where 

^ A , max (^) = {a e /C s+m ’~ m / 2 (Y^; E); A a u G /C s ’~ m ' 2 (Y A -, E), 

7a % A it G /c s + m - m i-V2,m/ 2 -"u ((9F) a ; F,) for j = 1,..., K }, 

2? A , mi n (^) = ®A,max(^) D f) (F*; F). 

Analogously to Proposition 14.61 we have: 

Proposition 5.5. Let ED be c-elliptic with parameter in the closed sector A. 
i) F/ max (^) zs complete in the norm 

K 

IMI = |M|jC*+m,-m/2 + ||^4 A W||/C'>.-W2 + ^ 

1 = 1 

and P Am ; n (^ A ) *s a closed subspace of finite codimension, 
ii) We have 

irs+m,m/2 j^s jss ps+m,-m/2+s 

^A,min O.max /v - 

/or some e > 0 with continuous embeddings. 

The quotient F/ max /X>/ min is actually independent of s > —^ and can be 
described in terms of singular functions as in the boundaryless case, see Section m 

Notation 5.6. For functions p,ip we write Lp ip if = 1 vn a neighborhood of 
the support of ip. 

Lemma 5.7. Let ED be c-elliptic with parameter in A. Then the model boundary 
condition 

K 

T a . r +ra,m/2 ( yA ;g) _ 0^+™-™ J - 1 /2,m/2-m ) -(( 3 y ) A - Fj ) 

1=1 

is surjective for every s > — and necessarily so is its extension to T> S A (^ A ) by 
Proposition 15.51 
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(5.8) 


Proof. We consider the 6 -elliptic boundary value problem 

({x m A) - X)u = f in id, 

'/{x mj Bj)u = g 0 on N, j = 1, .. ., K. 

Let h(a, A) be the conormal symbol of (15.811 . Thus h(a, A) is for every a £ C and 
every A £ A an elliptic boundary value problem on Y , and the 6 -ellipticity with 
parameter A £ A of (OJl implies that h(cr, A) is elliptic with parameter ( a , A) £ 
{3(cr) = —m/2} x A. Consequently, h(a, A) has a parameter-dependent parametrix 
in Boutet de Monvel’s calculus on Y which is an inverse of h(cr, A) for all 3(<r) = 
—m/2 and |A| > R sufficiently large. 

Let k(a, A) be the row matrix of potential operators in this parametrix, and 
define 

K 


K 1 (X):Cfr(^+x(dY).^F J 

3 =1 


C 00 ^ x Y-E), 


(A'i(A)u) (x) := 


27r 


Q(cr)=—m/2 0 
K 




fx ,mi ■ 

0 ^ 

/ X 

Vx'y 

icy 

k(a, X) 

\ 0 • 

• x' mK / 


dx f 

u(x') —— da 


for U £ C 0 °°(lR+ x (ay). © fA S C 0 °°(R+, © C°°{dY-,Fjj). 

\ j=l 3 \ j=1 ' 

We now have T a Ki(X) = I for |A| > R, and by continuity this identity holds on 

© x m / 2 ~ m i]{S +m 1/2 ((dY) A ;Fj). For cut-off functions ui ~< u> near zero we 

3= i 

K 

thus have T a uA'i(A)w = w + i?i(A) on © jc s + m ~ mj - 1 / 2 ^ 2 -^ with a term R ^ X ) 

3 = 1 

which decreases rapidly in the norm as |A| —> 00 . 

On the other hand, the c-ellipticity with parameter A £ A of ED implies that 
the boundary value problem 15.21) is away from x = 0 elliptic with parameter A £ A 
on the cone Y as x —> 00 . Consequently, there exists a parameter-dependent 
parametrix of ( A ^. _A ) in the SG-calculus of boundary value problems (near infinity), 
and for the row matrix A' 2 (A) of potential operators of this parametrix and a 
suitable cut-off function (i^wwe have T A (1 — u>)A' 2 (A)(l — w) = (1 — u>) + i? 2 (A) on 

K 

0 jQs+m—m,j— 1 / 2 ,m/ 2 —nij a t erm R 2 (X) which decreases rapidly in the norm 
3 — 1 

as |A| —> 00 (information on parameter-dependent ellipticity and parametrices of 
(classical) boundary value problems on manifolds with conical exits to infinity can 
be found, e.g., in CD)- 

Thus for A'(A) := QKi(X)u)+ (1 — tD)A' 2 (A)(l — u>) we have T a AT(A) = I + R( A) on 

K 

0 fcs+m-mj- 1 / 2 , m/ 2 -m.j , anc [ f or |y| > q sufficiently large I+R{ A) is invertible. □ 
3 = i 

According to Lemma 15.71 it makes again sense to associate with the boundary 
value problem itOl) a corresponding family of unbounded operators 

A a - A : P a (A A iTa ) C /C s ’- m/ 2 (F A ; E) -> /C s ’~ m/2 {Y A -,E), 

where 2^(A AjTa ) = P/(^d) CkerT A . 


(5.9) 
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Then 15. -Ill is invertible for some A £ C if and only if 15.911 is invertible, i.e. if and 
only if A ^ spec(A Aj T A )• The analogue of Lemma E. 101 is true also for the associated 
problem on the model cone. 


Proposition 5.10. Let G3 be c-elliptic with parameter A £ A. Then, for A 7 ^ 
0 , the operator (IQ) is Fredholm for every intermediate domain P Am i n (y A ) C 
■^a(t a ) ( '- -^a max (t a ) w index independent of s > — 5 . More precisely, we have 

inti ( A/ ' r A ) =ind ( A/ T ^ + dim:D A/ :Z? A,min 

= ind + dim V S A /V s Amin 

^min 

= ind(A Timirl ) + dim /D^mim 

and correspondingly the operator A a ,t a — A : V s a (A a ^t„) —>• /C s,_m / 2 (T A ; E) is 
Fredholm for A 7 ^ 0 with the same index 


ind(A AiTA - A)z>» = ind(A A>TA - A)x>» m . n + dimT>* /V S A min 
= ind(A T . min ) + dim D s A /D s Amin . 


Proof. The Fredholmness follows from the parametrix construction in Section 0 
the index formula is then elementary except for the assertion that 


ind 


A a — A 
T a 


= ind 


V s 


V s 


Under the assumption that is injective on P A min (^'), this equality is a 

by-product of Theorem 17.211 However, the general case also follows by the same 
methods that lead to Theorem 17.21 I hv possibly enlarging the matrices of additional 
abstract conditions. □ 


Proposition 5.11. //A a — A : P a (A Aj t a ) —> /C s ’ m ^ 2 (Y A -,E) is invertible for some 
A £ A and some domain 2A a (A Aj t a ); then A a is closed in the functional analytic 
sense for every domain P* min (A AiTA ) C V S A C P* max (A AiTA ), i.e. £> Ajmax (A AjTA ) 
is complete in the graph norm 

IMU a = \\u\\ K s,-rr,/2 + 11 A A U \ \ K s ,-m/2 . 

Proof. The proof follows along the lines of the proof of Proposition 14.111 noting 
that without loss of generality we may assume A 7 ^ 0, and hence 

^a - A : ^, max (A A , TA ) - K. s ’~ m ^ 2 (Y A ■ E) 

is Fredholm according to Proposition EH □ 


Definition 5.12. i) For g > 0 we define the normalized dilation group action 
for sections on Y and ( dY) A via 

(kqu) (x, y) = g m/2 u(gx,y). 

K e is a strongly continuous group action on the /C s ’“-spaces, and the normal¬ 
ization factor g m / 2 makes it an isometry on x~ m ' 2 L 2 . 
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ii) A family of operators A(A) defined on a re-invariant space of distributions on 
the model cone is called re-homogeneous of degree v if 

A(e m A) = q v k b A{\)k~ 1 

for every g > 0. 

It is known that the dilation group action and the notion of re-homogeneity play 
an important role when dealing with parameter-dependent cone operators, and they 
are systematically employed in Schulze’s edge pseudodifferential calculus. 

Observe that ^ mi n(r A ) and ^.ma x (ta) as we ^ as ^ le associated domains 
min(-^A,T A ) and T , A . max ( j 4A,T A ) of the unbounded operator A a under the bound¬ 
ary condition T A u = 0 are re-invariant. This follows immediately from the re¬ 
homogeneity 



/ Q m 

o ■ 

' ° \ 


0 

g mi ■ 

0 


V o 

0 ■ 

• g mK / 


: <?(^)re e \ g> 0, (5.13) 


of (^/)). Moreover, this re-liomogeneity makes it possible to get a fairly complete 
picture of what it means to be a sector of minimal growth for realizations of the 
operator A a under the boundary condition T A w = 0 as the following Proposition 
EH shows. Note that the case of re-invariant domains is particularly simple. In 
view of the characterization of the domains in terms of singular functions given 
in Section El the estimate (I5T7I) below can be regarded as a condition about the 
asymptotics of solutions of <E3 as |A| —> oo. 


Proposition 5.14. Let o> be c-elliptic with parameter A £ A. Then the following 
are equivalent: 

i) A is a sector of minimal growth for the operator A a with domain Il A (d Ai T A ) C 

ii) A/\ — A : P a (A Aj t a ) —► x~ m ^ 2 L 2 is invertible for large A £ A, and the inverse 
satisfies the estimate 


ll K | A |l/m(^A 


A ) HA?(x- m /2L2,25 A max ) - 0(|A| ) 


in) 


as |A| 


oo. 


CV) 



^/ 2 L 2 


K 

0 j^m—rrij 

3 =1 


1/2,m/2—ra^ 


is invertible for large A G A, and 




-l 


re| A |l/m|| 


O (|A| _1 |A| _mi / m 


|X| -m K /m^ 


(5.15) 


(5.16) 


as |A| —> oo, where the bounds are to be understood componentwise (with values 
in P A ,max(^)/ 
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iv) (I5TK1) is bijective for large A € A, and 

K, A |i/ m || =0(|A|- 1 |A|- mi / m |A|- m -/™) (5.17) 

as |A| —> oo, where the bounds are to be understood componentwise with values 
in the quotient P A ,max(jd )/P A ,min( ■ Here q A : Pa, max > PA,max/P A ,m, n 
denotes the canonical projection. 

Note that the group action n e descends to the quotient because both Pa, max 
and Pa, min cire K-invariant. 

If the domain P a ©a,t a ) is K-invariant, i)-iv) are equivalent to 

v) A a — A : P a (A a ,t a ) — 1 ’ x~ m ^ 2 L 2 is bijective for all A € A with |A| = 1. 


Proof, ii) => i) follows immediately because the group action k 6 , g > 0, is unitary 
on x~ m ^ 2 L 2 . 

i) =>■ ii)\ Note first that P A max is by assumption complete in the graph norm, 
see Pronosition l. r ).lll Consequently, as k b is an isometry on x~ m ^ 2 L 2 , we only have 
to prove that 

II^ aK |A p/Tn(^ A _ A) 1 \\s?(x- m / 2 L 2 b ) = 0(|A| 1 ) 

as |A| —> oo. From the K-homogeneity of A a we obtain A A nN 1/m = |A|A a , 
and thus the desired estimate follows from the boundedness of the operator family 
Aa(Aa-A )- 1 in ^{x~ m / 2 L 2 ) (as |A| —> oo), which is part of our present assumption 

i)- 

ii) =>• in): From the invertibility of A a — A : P A —> x~ m ^ 2 L 2 for large |A| > 0 
and the surjectivity of the boundary condition T A (see Lemma 15.711 we obtain that 

is invertible for large A. Let 


(^a(A) 


^a(A)) = 


Aa — A 


x~ m / 2 L 2 


K 


© 

i=i 


j^m—rrij —1/2,m/2—rrij 



be the inverse. The norm estimate in ii) implies the asserted norm estimate for 
P A (A) = (t1a,t a — A) -1 in iii) as |A| —> oo, noting that K e is an isometry on 
x~ m / 2 L 2 . 

k —A 

Let K : ® /c m ’ m / 2 (y ;P) be any right inverse of T A 

3 =1 

according to Lemma 15.71 and define 


K{q) '■= Kgh’Kp 1 


/ Q- mi 

V o 


0 


e 


—m K 


for g > 0. In view of the ^-homogeneity of T A , see (Erm we conclude that K{g) 
is a right inverse of T A for every g > 0. 

From P a (A)(a4 a — A) + K A (X)T A = 1 we get for large |A| > 0 


K a (X) = A' A (A)T A A'(|A| 1 / m ) = K(\X\^ m ) - P a (X)(A a - A)A(|A| 1//m ). 
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Using the re-homogeneity of A A — A we obtain by conjugation with the group action 
that re^j 1/m Ab\(A)K| A |i/m equals 



u) 


/ |A|-™i/ m • 

0 ^ 

(l ~ ( K | A |l/m-PA(A)ft| A |l/m) A - 

) k 

v o 

\y\-m K /m J 


and thus the asserted norm estimate in iii) holds for A'a(A). 

iii) =8 ii) and iii) =>■ iv) are immediate. 

iv) => ii): We just have to worry about the norm estimate. Let Bt, a (A) : 
x~ m ^ 2 L 2 2?A, m in be the principal component of the interior part of the parametrix 
£>(A) from Theorem l7.21l Then 

1 — Bt,/\(X)(A a — A) = 0 on 7 ?a, min(^ a,t a ) 

for A £ A \ {0}, and consequently the operator descends to 

1 — £>T,a(A)(i4 a — A) : L ) A.max(4lA,T A )/^ , A,min(^4A,T A ) ~> £ ) A,max(AlA,T A ). 

We may write 

(^a,d a - A) -1 = St, a (A) + (1 - S t ,a(A)(i4 a - A))g A (A a , Da - A) -1 

as operators x~ m ^ 2 L 2 —> T , A .max(AlA,T A )- By re-homogeneity, 

^Iai 1 /™ (^a,t> a — A) = |A| Br,A(i^)«| A |i/„ 

+ (l - S Ua(^) (Aa - j^j)) ("jA|i/»9A(i4A,© A “ A ) ')’ 

and so the norm estimate in ii) follows. Recall that the group action n e is unitary 
on x~ m ^ 2 L 2 . 

If the domain 2 ?a(Aa,t a ) is re-invariant, then the invertibility of 

A A ~\:V A (A AtTA )^x~ m / 2 L 2 b (5.18) 

for large A £ A is by means of the re-homogeneity 

A A -Q m \=Q m K g (A^-\) K - 1 

equivalent to the invertiblity of (15.1811 for all A £ A \ {0} or, equivalently, only for 
A £ A with |A| = 1. Moreover, from the identity 

^| A |i/m(A A — A) 1 K| A |i/m = |A| 1 (a a — : x m ! 2 L\ —> X> a (A a ,t a ) 

for A^Owe automatically obtain the norm estimate in ii), and consequently the 
equivalence of i)-iv) and v) is proved. □ 

While all conditions in Proposition 15.141 have an analytic flavour, it should be 
noted that one can give a characterization of these properties in geometric terms 
that involve the Grassmannian of domains of A a ,t a and the flow induced by re e on 
that Grassmannian. We refer to 0 El] for details in the boundaryless situation. 
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6. Domains, associated domains, and singular functions 


In this section we give a description of domains of the realizations of A and 
A A under the boundary condition Tu = 0 and T A u = 0, respectively, in terms of 
singular functions, i.e. the domains are characterized by the asymptotic behavior 
of their elements near the “singular boundary” Y. 

Moreover, we explicitly construct an isomorphism 


■ Umax/Hmin ' I^A,max/^A.min 

that will be used to associate with a domain 2? of A under the boundary condition 
Tu = 0 a corresponding domain T> A of A a under the boundary condition T A u = 0 
via 

0(2?/Z? m j n ) = T) A /2^A,min- (6-1) 

The cllipticity condition for the resolvent constructions for the operator At with 
domain ~D(At) in Section[H]then involves a spectral condition on the model operator 
A Ai t a with the associated domain V(A Ai t a ) to T>(At) according to ( 1 ( 1 .II) . As the 
boundaryless case shows, a condition of such type is to be expected also in this 
more advanced situation. 

Our approach to consider domains with inhomogeneous boundary conditions 
P(^) as well as makes it possible to transfer the methods from {SJ and P. 

According to ED we write (near Y ) 


771—1 

A = x~ m J2 A kX k mod Diff™(M;£), (6.2) 

k=0 

771—1 

Bj= x~ m i B i,kX k mod x m ~ rnj Diff^ (M; E, Fj), j = l,...,K, (6.3) 

fc=o 


with totally characteristic operators A k , Bj k with coefficients independent of x near 
Y , and therefore they can be regarded also as operators acting in sections on the 
model cone Y . Thus 


l A \ 

jB± 


/ x~ m 0 

0 x~ mi ■ 

' ° ^ 
0 

771—1 

E 

1 A k \ 

7 s i,fc 

\lB K j 


\ 0 0 

• x~ mK ) 

k=0 



and set Ak = (A k 7 B ltk 


, k = 0 ,.. 


m — 1. Let 


(6.4) 


H S (Y ; E) 

A k (a):H s+m (Y-E )- * ® _ , O-, (6.5) 

0 ns+m-mj-l^^QY-Fj) Z 

3 =1 

cr £ C, be the conormal symbol of Ak, see Section|3l From our standing assumption 
that ED is c-elliptic (with parameter A € A), we obtain that the leading term 
Ao(cr) is a holomorphic Fredholm family in 16.511 which has a finitely meromorphic 
inverse Aq 1 ^). 


In the sequel, we make use of the following notion of Mellin transform for sections 
u on M or Y , respectively, which employs apriori a cut-off near Y : 
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Fix a cut-off function lo G C'o°([ 0, 1)) near zero, i.e. u> is real valued and sup¬ 
ported near the origin with cj = 1 near zero. As usual, we regard u> as a func¬ 
tion on M supported in the collar neighborhood Uy C M, or on Y . Then the 

Mellin transform of a section u G Cq° ( M ; E ) is defined to be the entire function 
u : C —> C°°(Y ; E\y) such that for any v G C°°(Y ; E\y) 

(x- ia um,n^v) Ll(M . E) = {u(a),v) L2(v . El _ y (6.6) 

where iTyV is the section of E over Uy obtained by parallel transport of v along 

the fibers of the projection ny. The Mellin transform of sections u G Cq°(Y ; E) is 
defined in the same way, but the pairing in (16.611 is the inner product in L%(Y ;E) 
(where, as before, we identify the bundle E —>Y with the pull-back nyE\y). 

The Mellin transform extends to the spaces x a H§ and K, s,a in such a way that 
u(ct) is a holomorphic H S (Y; E)-vahied function in {3(<r) > —a} with well known 
integrability conditions along lines parallel to the real axis. 

In the same way we also define the Mellin transform for sections on the boundary 
N, and on the model cone (<9F) A associated with the boundary, respectively. 

Let 

spec b = W e Ao(cr) is not invertible} C C 

be the boundary spectrum of (^). Then 

spec & n{ffGC;a< 3(cr) < /?} 

is finite for all a, /3 G M , a < (3, and let 

£ := spec fc H {a G C; —m/2 < Ss(cr) < m/2} (6.7) 

be the part of the boundary spectrum in the critical strip that is associated with 
realizations of A and A a in x~ m l' 1 L\ under the boundary condition Tu = 0 and 
Tyu, = 0, respectively. 

For < 7 o G £ let £ A>(T0 be the space of all singular functions of the form 

m <’o A 

q = c °oAy) i°g fc x)x iao e C°°(T ; E), 

k=0 

where c aQy k G C°°(Y;E) and m ao G N 0 , such that A$q = 0. Using the Mellin trans¬ 
form, this is equivalent to the holomorphicity of Ao(cr)q(a) on the whole complex 
plane, and as the inverse Aq 1 ^) is finitely meromorphic (with regularizing princi¬ 
pal parts of Laurent expansions) we see that the space £ Aj(To is finite dimensional. 
We set 

^A.max = 0 £y* 0 C C°°(Y^;E). 

<7 0 <ee 

Let u G 77)/max ( Ta ) ■ Mellin transform and the definition of the maximal 

domain, we thus obtain that Ao(<r)u(a) is the Mellin transform of a vector of 
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functions 


JC s ’ m / 2 {Y A ]E) 


v G 


K 


© /C s+m_m J _ 1 / 2 > m / 2 ((9y) A ; Fj) 


3 =1 


In particular, Aq{ct)u{(j) is holomorphic in {3(a) > —m/2}, and by the meromor- 
phic structure of Aq 1 (a) we see that there is a singular function q £ £ A . max such 
that tt(<r) — g(a) is holomorphic in the critical strip {a £ C; — m/2 < 3(cr) < m/2}. 
Consequently, u — toq £ V A<max (jA) with holomorphic Mellin transform, and thus 

u — ujq £ V S A min ( Ta )' Note that the minimal domain as a subspace of the maximal 
domain is characterized by the property that the Mellin transforms of its elements 
are holomorphic in the critical strip. 

Let us summarize this in the following proposition: 


Proposition 6.8. Every class 


VI 


Ta 


G2X 


Ta 


/V 


contains a representative of the form uiq with q £ £ AjI 
q is uniquely determined by its class modulo V S A min . 
In this way we obtain an isomorphism 


-A-a, 

A,min l rp 

K 1 A, 

, and the singular function 


V 


A, max 


Ta 


/®A,„ 


= £, 


A,max? 


and the quotient V A max /V s A min is independent of s > — 

Consequently, specifying a domain V S A min C V S A C T A , max Is equivalent to spec¬ 
ifying a subspace of £ Aj max of admissible conormal asymptotics for the elements 
u £ V S A near Y. 


In view of 

V 


A ,max^ A )/^A 


=* V 


A, max 


©a,t a )/V A in (A a ,t a ) 


'A,max(^A,T A )/T Ai min©A,T A ) — £ A ,max, 


Ma 

T i / / _x A,min l rp 
A/ \-*A, 

see also Lemma moi we also obtain 

V s 
a'a 

and the domains of the unbounded operator A a under the boundary condition 
T A u = 0 are characterized in terms of the asymptotics near Y. 

Now let u £ Tmax (t) ■ Then we obtain analogously to the case of the model cone 

m—1 A 

that ^2 Ak{cr)u(a + ik) is the Mellin transform of a vector of functions 


k—0 


v G 


K 

© x' 

3 =1 


x m / 2 H^(M ; E) 

© 

'/ 2 H S b + m-mi-l/Z(N. jFj ) 


and consequently is holomorphic in (3(a) > —to/ 2}. By inductively arguing for 
the strips {m/2 — k < 3(a) < m/2}, k = 1,..., to, using thereby the meromorphic 
structure of the inverse «4o" 1 (a) and the apriori holomorphicity of u(<r) in {3(a) > 


22 


THOMAS KRAINER 


m/2}, we conclude that u(<j) has a meromorphic extension to the critical strip 
{—to /2 < S(<t) < to/ 2}, and there exists a singular function of the form 


9 = (X^fc^io g fe a;): 

-f<Q(a)<f fc=0 


(6.9) 


with c CTi fc G C a °(Y;E), m G G No, such that m(ct) — <}(cr) is holomorphic in this 
strip. Note that the sum in m is actually only a finite sum. Consequently, as 
also wq G I’max (t) i we conclude that u — toq € T> s nin ({)). We hence obtain an 
isomorphism 


V s 


/K 


— Crr 


to a finite dimensional space of singular functions £ max C C°°(Y -,E) similar to 
the case of the model operator in Proposition 16.81 

Let us be more precise about the structure of the space £ ma . x of singular functions: 
We may write 

£max = (J) £<r 0 1 

and the elements q G £ ao are of the form 
N ((7q) ETLfjQ — iq? 

9 = c ao -id >k {y) \og k 

i9=0 fe=0 

with c ao -itf,k G C°°(Y;E), m ao -i# G No, and N(<jq) G No the largest integer such 
that 3((7 o) — N(<jo) > —to/ 2. 

More precisely, there is an isomorphism 

• fmax * ^A,max 

that was already mentioned in the introduction of this section, which restricts to 
isomorphisms 0\^ : £ ao —► £ Ai(T0 . The inverse d ^ 1 is of the form 


q—11 


N(cr 0 ) 

= 'y ' ecr 0i fc : £/\,tr 0 
fc=o 


^0 ) 


where the e CT0) fc : £ A ,o- 0 —> C°°{Y ; E) are inductively defined as follows: 

• c CTOi o = d, the identity map. 

• Given e CTO! o, ■ ■ • ,ecr 0i ^_i for some i9 G {1,... ,N(i To) — 1}, we define e ao ^(ip) 
for if; G £/\, ao to be the unique singular function of the form 

ETT-ctq — 

( X! C cro-i#,k(y)\og k x)x i(<To_I,?) 
k—0 

such that 

(e<r 0 ,tf WO)^) + AO) -1 ^( (J ) s ^o-^( e ^o,^-/c(^)) A (^ + ifc)) 

fc=l 

is holomorphic at a = ao — where (e (TOi ^_fe('i/)) A (cr) is the Mellin trans¬ 
form of the function e a and s CTo _,;^(e (To ^_fe(^)) A (cr + ik) is the 
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singular part of its Laurent expansion at <tq — id. Recall that our notion of 
Mellin transform involves apriori a cut-off near Y, and so (e CTOi ^_fc(i/')) A (cr) 
is meromorphic in C with only one pole at <to — i(d — k). 

It is of interest to note that this construction yields 
^2(AkX k ){e ao ^-k(ip)) = 0 

fe=o 

for every ip £ £ A )Cro and every d = 0,. .., N(<jq). 

In conclusion, every space £ ao consists indeed of singular functions of the form 

N (ao) mv o -i0 

q = ( ^2 c °o-^,k{y) i°g fc 

i9=0 fe=0 

and we have 

YITj(jq 

9q= (^2 c a0yk (y) log k x^x ia °. (6.10) 

fc=o 

It is more tedious than hard to verify that this furnishes an isomorphism 6 : £ max —> 
^A.max as desired (see also 0 for further information in the boundaryless context). 

Let us summarize the above in the following proposition: 


Proposition 6.11. i) There is a natural isomorphism 

^max ^ min (t) = ^ max ’ U -^inin ^ rj^j t— ^ 9) 

that is characterized by the property that u — uiq £ 2?;v n (y), where u> £ 
Cq°([ 0, 1)) is any cut-off function near zero. 

Consequently, the quotient V max/^min * s independent of s > — h, and its 
elements are characterized by their asymptotic behavior near Y. 
ii) By Lemma \4-10\ 

^max(y)/^mi„(y) = V^{A T )/V^{A T ), 

and consequently also the quotient V^^At)/ of the maximal and 
minimal domains of the unbounded operator A under the boundary condition 
Tu = 0 is characterized by the conormal asymptotics in £ max ■ 
in) There is a natural isomorphism 9 : £ max —> ^A.max that by i), ii), and Proposi¬ 
tion 1 6'. 61 gives rise to isomorphisms 

Q . f^ax^/^minlr) - ^A.max (£) /^A,min (£) > 

\^max(^T)/£ , min(^T) ~► ®A,max(^A,T A )/^A,min(^A,T A )■ 

For a domain T>^ n CV S C 2?max we therefore have an associated domain 
^A.min C 9{V°) V% tJnBX 

via 9(V°/V° m in) = V s JDf min . 
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7. Parametrix CONSTRUCTION 


Let .4(A) denote the boundary value problem G 3 - Our goal in this section is 
the construction of a parametrix under the assumption that .4(A) is c-clliptic with 
parameter A G A, and that the model operator 


-4a (A) 



/C s -m/ 2 (V A ;E) 


0 /£ s + m - m j - l / 2 , m / 2 - m j Fj) 

3 =1 


is injective for some s > — \ and all A G A \ {0}. 

More precisely, we will construct a parametrix 

x~ m / 2 H§(M ; E) 


6(A) = (6 T ( A) 


A'(A)) : 


© 

0 x m/2- mj H s+m- mj ~l/2 

J= 1 



such that 

B(AM(A)-l:^ in ^ -2T in (^) 

is regularizing and compactly supported in A € A. In particular, for A sufficiently 
large, the boundary value problem 


-4(A) : V° B 


x~ m / 2 H°(M;E) 


0 

3 =1 


(7.1) 


is injective and 6(A) is a left inverse. Moreover, the regularizing remainder 


n(A) = 1 -M(A)6(A) 

is a finite dimensional projection to a complement of the range of O- 

For the actual construction of this parametrix we employ some ideas from pseudo¬ 
differential operator theory of Shapiro-Lopatinsky elliptic edge-degenerate bound¬ 
ary value problems, the central topic of the monograph m 


Choose local coordinates on Y centered at zero, and let (0,1) x II be correspond¬ 
ing coordinates in the collar neighborhood Uy C M of Y. In these coordinates, the 
operator A — A takes the form 

A-\=x~ m ( K Y, a k , a (x,y)D«(xD x ) k -x m a), 

k+\at\<m 

and thus its complete symbol a(x , y, £, 77 , A) is given by 

a(x, y, £, 77 , A) = x~ m a(x , y, x£, 77 , x m X) 

with a symbol a(x, 77, £, 77 , A) that is smooth up to x = 0. The c-ellipticity with 
parameter A G A of A — A is equivalent to the invertibility of the principal compo¬ 
nent a( m )(x, 77 , 77 , A) for all covectors (£, 77 , A) different from zero, and all ( 37 , 77 ) G 

[0,1) x Q (up to x = 0). Note that the principal component a( m ) is (anisotropic) 
homogeneous, i.e. 

«(m) (x, 77 , £>£, £> 77 , p m A) = g m a {m ) (x, y, £, 77 , A) 
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for g > 0. 

Assume for a moment that f 1 C corresponds to an interior chart on Y. 

Then the parametrix construction from Section 5 in | 3 ] implies that there exists a 
symbol p(x, y , £, 17, A) with the following properties: 

i) p is smooth in all variables up to x = 0. 

ii) We have 

\ d Uy) d L) d l^y^^^\ = 0 ((! + 1^1 + M + |A| 1/TO )- TO_ 

as |(£,77, A)| —> 00, locally uniformly for (x,y) S [ 0 , 1 ) x ST 

iii) p is a classical symbol, i.e. it admits an asymptotic expansion 

OO 

p ~ Vi x)P(-m-j) (x, y, £, v, X), 

3= 0 

where \ G G°°(R x R” _1 x A) is a function such that x — 0 near the origin 
and x = 1 for large |(£, 77, A) |, and the components pt_ m _j-\ are anisotropic 
homogeneous, i.e. we have 

P(-m-j)(x, y, g£, grp g m A) = g - ” 1-2 P(- m -j)(x, y,£,y, A) 
for g > 0. 

iv) (A — X)Op(x m p(x, y, x£, 77, x m X)) — 1 and Op (x m p(x, y, x£, 77, x m X))(A — A) — 1 
are parameter-dependent smoothing pseudodifferential operators on (0,1) x $" 1 , 
where Op(x m p(x,y,x^ri,x m X)) denotes the standard Kohn-Nirenberg quan¬ 
tized pseudodifferential operator in (0,1) xfl with symbol x m p(x, y, x£, 77, x m X). 

Now let S 7 C R" 1 correspond to a boundary chart on Y. We slightly extend 

0 as well as a over the boundary R" -2 C R, such that the structure of the 
complete symbol a of A — A and the c-cllipticity with parameter remains preserved 
(by possibly shrinking Q to a relatively compact chart, this is always possible). 

Now we can use the beforementioned results about the existence of a parametrix 
in the extended domain (0,1) x ST, where the symbol p in addition has the trans- 
mission property with respect to the boundary R”^ 2 C R, . 

Passing, as is usual in pseudodifferential boundary value problems, to 

Op + (x m p{x, y, x£, 77, x m X )) = r + Op(x m p(x, y, x£, 77, x m X))e + , 

where e + denotes the operator of extension by zero from the original domain (0,1) x 
SI to the extended domain ( 0 , 1 ) x ST and r + denotes restriction, we obtain that 

Op + (x m p(x, y, x£, 77, x m X))(A - A) = 1 + G 0 (A) + G_oo(A), 

where G_oo(A) is a parameter-dependent regularizing singular Green operator in 
Boutet de Monvel’s calculus, and Go (A) is a parameter-dependent singular Green 
operator in Boutet de Monvel’s calculus of order zero whose boundary symbol has 
the form 

<j(x, y', £, 77', A) = g(x, y\ x£, 77 ', x m X ) 

with an (anisotropic) parameter-dependent singular Green symbol g(x, y', £, 77', A) 
of order zero. The structure of the composition 

(A - A)Op + (a c m p(x, 1 /, x£, 77, x m X )) 


is the same. 
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By combining the standard parametrix constructions on a manifold with bound¬ 
ary away from Y with the above considerations, we arrive at the following 

Lemma 7.2. A — X has a parametrix P + { A) of order —m and type zero in the 
parameter-dependent Boutet de Monvel’s calculus A) on M = M\Y. 

When restricted to the collar neighborhood Uy — (0,1) x Y, this parametrix takes 
the form 

P + (X)u(x) = J- JJ e l ^ x ~ x ^p(x,£, X)u(x')dx' d£ + C(X)u(x) 

for u G C'o°((0,1), C°°(Y; E)), where C{X) G B~°°’ 0 ((0,1) x Y; A) is a parameter- 
dependent regularizing singular Green operator of type zero on (0,1) x Y, and 
p(x,(, A) = x m p(x, x£, x m X) with a symbol 

P(x,t, X) G C°°([0, l),r m ’°(F;lx A)), 

i.e. p is a smooth function in x G [0,1) taking values in the space of operators of 
order —m and type zero in the parameter-dependent Boutet de Monvel’s calculus 
on Y (depending on the isotropic parameter ( and the anisotropic parameter X). 

The remainders [A — A)P + (A) — 1 and P + (A)(A —A) —1 are parameter-dependent 
singular Green operators in Boutet de Monvel’s calculus on M of order zero and 
appropriate types (given by the standard type foi'mula for the composition of oper¬ 
ators). When restricted to Uy, they take the form 

Gq(X)u(x) = JJ e z< ' x ~ x ' )i g{x,(, X)u(x') dx' d( 

modulo parameter-dependent regularizing singular Green operators on (0,1) x Y, 
where g(x,(, A) = g(x,xf,x m X) with a symbol 

g{x, £, A) G C°°([0, l),BQ d (Y ; R x A)), 

i.e. g is smooth in x G [0,1) taking values in the space of parameter-dependent 
singular Green operators in Boutet de Monvel’s calculus on Y of order zero and 
type d, where d = 0 or d = m, respectively, and ( G R is again the isotropic 
parameter, while A G A is the anisotropic parameter. 

Observe, in particular, that P + ( A) has a well-defined homogeneous principal c- 
symbol c <u(P + )(z, (, A) on ( C T*M xA)\0, as well as a principal c-boundary symbol, 
which is a (twisted) homogeneous section 

c «j d (P + )(z', C', A) : c ^+ ® \*E c ^+ (8> VE 

on ( C T*N x A) \0. 

Proposition 7.3. There exists a matrix of parameter-dependent generalized sin¬ 
gular Green operators 

CZ°(M;E) 

= Ki{X) ■■■ K k { A)): K - C°°(M;E) 

© Co° (N; Fj) 

3=1 

in Boutet de Monvel’s calculus of orders —m, —m i — ■ ■ ■, —ttik — -k and type 

zero in Bq(M-,A), such that its restriction to the collar neighborhood Uy of Y is 
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(modulo a regularizing parameter-dependent generalized singular Green operator) of 
the form 



1 u A 



/ u(x') \ 

Si (A) 

Vi 

(x) = 

A) 

Vi(x') 


\vk) 



\Vk{x')J 


foru G CS°((0,1),C°°(Y-,E)) and v, G Co°((0,1), C°°(dY\ Fj)), j = 1 
where 

g(x, £, A) = (x m g(x, x£, x m X) x mi ki(x,x^,x m X) ••• x mK kK (x, x£, x m X )), 

and g(x, £, X) as well as the kj(x , £, A), j = 1,..., K, are smooth with respect to x G 
[0,1) taking values in the parameter-dependent generalized singular Green operators 
of orders —m and —mj — ■*, j = 1,..., K, and type zero in Boutet de Monvel’s 
calculus on Y (depending on the isotropic parameter £ G R and the anisotropic 
parameter A G AJ. 

The operator family 

Cq°(M- E) 

Si (A) = (P+(X) + G 1 (X) Ki(X) ••• K k ( A)): K ®_ ^C°°(M;E) 

0 Cq° (N; Fj) 
i =i 

is a parameter-dependent parametrix in Boutet de Monvel’s calculus of the boundary 
value problem JUJ in the sense that the remainders 

( A ~ Si (A) - 1, Bi( A) ^ “ A ) - 1 e B~°°(M; A) 

are parameter-dependent regularizing generalized singular Green operators in Boutet 
de Monvel’s calculus on M. 

Proof. For any d G No we consider the space x~ e BQ d of parameter-dependent 

generalized singular Green operators in Boutet de Monvel’s calculus on M which 
consist of matrix entries of the following form: 

• Operators in the interior: 

G(X) : Cq°(M-, E) -f C°°(M;E) 

is a parameter-dependent singular Green operator of order g and type d in 
Boutet de Monvel’s calculus on M, and when restricted to Uy it takes the 
form 

G(X)u(x) = JJ e l( - x ~ x ^g(x,£, X)u(x')dx' 

(modulo a regularizing parameter-dependent singular Green operator of 
type d in Uy) with a symbol g(x, f. A) = x~ e g(x, x£, x m X), where g(x , £, A) 
is smooth with respect to x G [0,1) taking values in the space BQ d (Y; Rx A) 
of parameter-dependent singular Green operators of order /i and type d in 
Boutet de Monvel’s calculus on Y, depending on the isotropic parameter 
(GK and the anisotropic parameter A G A. 
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• Trace operators: 

T( A) : Cq°(M; E) -► C°°(N-F) 

is a parameter-dependent trace operator of order /i and type d in Boutet 
de Monvel’s calculus on M , and when restricted to Uy it takes the form 

T(X)u(x) = -J- JJ e^ x ~ x ^t(x, £, X)u{x') dx' 

(modulo a regularizing parameter-dependent trace operator of type d in Uy) 
with a symbol t(x,t;,X) = x~ e+ ^t(x,x^,x m X), where t,(x,t;,X) is smooth 
with respect to x £ [0,1) taking values in the space of parameter-dependent 
trace operators of order p and type d in Boutet de Monvel’s calculus on Y. 

• Potential operators: 

K{X) : C^°(N; F ) -» C°°(M ; E) 

is a parameter-dependent potential operator of order p in Boutet de Mon¬ 
vel’s calculus on M, and when restricted to the collar neighborhood it takes 
the form 

K(X)v(x) = J- JJ e l ^ x ~ x ^k{x,£ > ,X)v{x')dx'd^ 

(modulo a regularizing parameter-dependent potential operator in Uy) with 
a symbol k(x,£, A) = x~ e ~ik(x,x^,x m A), where k(x,£, X) is smooth with 
respect to x € [0,1) taking values in the space of parameter-dependent 
potential operators of order p in Boutet de Monvel’s calculus on Y. 

• Operators on the boundary: 

Q(X):C^(N-F 1 )^C 00 (N-,F 2 ) 

is a parameter-dependent pseudodifferential operator of order p on N , and 
when restricted to the collar neighborhood it takes the form 

Q(X)v(x) = J- JJ e^ x ~ x ^q(x, £, X)v(x') dx' d£ 

(modulo a regularizing parameter-dependent pseudodifferential operator in 
(0,1) x dY) with a symbol q(x, £, A) = x~ e q(x, x£, x m X), where q(x, £, A) is 
smooth with respect to x G [0,1) taking values in the space of parameter- 
dependent pseudodifferential operators on dY of order p (where, as in all the 
other cases, £ € R. is the isotropic parameter, and A G A is the anisotropic 
parameter). 

Observe that every Q( A) € x-^Bq has a well defined principal c-boundary symbol 
c «fq(G)(z', A) on ( C T*N x A) \ 0, which is (twisted) homogeneous of degree p, 
and we have in a canonical way a split exact sequence 

0 —» x —> x~"B^ d —► C E —> 0. (7.4) 

C <®d 

Moreover, by standard arguments in the calculus of pseudodifferential operators 
with (twisted) operator-valued symbols, we see that x~ b Bq is asymptotically com¬ 
plete, i.e. asymptotic summation is possible within the class. Recall that the bound¬ 
ary symbolic calculus in Boutet de Monvel’s algebra can be formulated in terms of 
twisted operator-valued symbols, where the function spaces in the normal direction 
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are equipped with suitable dilation group actions. The principal boundary symbols 
are twisted homogeneous, i.e. homogeneous up to conjugation with the groups (cf. 

E2])- 

Notice that the assertion of the proposition about the structure of Q\ (A) just 
means that Gi(A) £ x m BQ m '°, while Kj( A) £ i m d5 6 G mj 2:0 for j = 1 

Moreover, for the boundary conditions in 14.1 ll we find jBj £ x~ mj ~^ Bq J+ 2 ' m , 
j = 1,...,K. 

Let 


c <nr a (A)(z',(',\) 


( V 9 (T)( 2 ',C')-A \ 

( C 70 ® 4<ir*Fi) C €r 8 (Bl)(z' , (') 


c y+ 


C * TJI 

TV h - 


\{ c l 0 ®I<**F K ) c *r a {B K )(z',OJ 


C J^ + 0 VE 


© vf 3 


3 =1 


be the principal c-boundary symbol of 14.1 1) on ( C T*N x A) \ 0. By choosing 
a smooth positive definite metric on C T*N we can consider c <jq(A){z' , A, A) for 
(ICT™ + lAI 2 ) 1 / 2 ™ = 1 only, and by (twisted) homogeneity we still recover the full 
information. As (ED is assumed to be c-elliptic with parameter A £ A we obtain 
that c <&g(A)(z', A) is invertible, and as we consider this function now only on a 
compact sphere bundle the standard arguments in Boutet de Monvel’s calculus can 
be applied to show that its inverse is of the form 


c *a(A)(z', C, A)" 1 = ( c *i d {P + )(z', C, A) 0) + V a (0i )(z', A), 

where c o»(t/i)(z / , A) already is the principal c-boundary symbol of the parame¬ 
ter-dependent singular Green operator C/i(A) of the assertion of the proposition. 

In order to find f/i(A), we first use (for each entry) the split exactness of 17.41) 
to obtain a matrix Q 2 (A) of generalized parameter-dependent singular Green oper¬ 
ators with c Wd(Gi)(z', C', A) = c ag{Q 2 ){z'A’, A), and set £>'(A) = (P + (A) 0) + 
t/ 2 (A). The composition rules imply that B'(X)A(X) = 1 + 0'(A) with a parameter- 
dependent singular Green operator Q’( A) £ x°Bq The standard formal Neu¬ 
mann series argument now shows that there exists 0(A) £ x°Bq ,m (properly sup¬ 
ported, uniformly for A £ A) such that with 

Bi(A) = (1 + 0(A))B'(A) = (P+(A) 0) + 0r(A) 

we have that Pi(A)A(A) — 1 is a parameter-dependent regularizing singular Green 

operator in Boutet de Monvel’s calculus on M of type (at most) m. 

A right parametrix is obtained in the same way. Note that the composition 


A(X)B’(X) - 1 


/ Go,o(A) Go,i(A) 
Gi, 0 (A) Gi,i(A) 


G 0 ,k(X) \ 
Gi,k(X) 


V G k , o(A) 


Gam (A) 


Gk,k{X) J 


with Gij(X) £ x ( ni nj ' ) B q' 1,Q , where no = m and n,j = rrij +j = 1,..., K, 
i.e. the matrix (Gij( A)) i . is of order —1 with respect to an order convention of 
Douglis-Nirenberg type (see also the proof of Lemma, I'Ll 4ll . Consequently, the for¬ 
mal Neumann series argument also applies in this situation (with Douglis-Nirenberg 
order convention), and the proposition is proved. □ 
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Modulo a regularizing parameter-dependent generalized singular Green operator 
of type zero, the restriction of the parametrix 8 i(A) from Proposition 17.HI to Uy 
can also be written in the form 


81 (A) 

< U > 

Ui 

( t ) 

= ^ JJ e«*-*'Kb(x,Z, A) 

/ x' m u{x') \ 
x' mi Vi(x') 


W/ 



K x' mK v K {x')j 


(7.5) 


for u G Co°((0,1), C°°(Y ; E)) and Vj G Co°((0,1), C°°(dY ; Fj)), j = 
where b(x,£, A) = b(x,xf,x m A), 

b(x,£, A) = ((p' + g’)(x,£, A) k[{x,f, A) ••• k’ K (x,£, A)), 

and the entries of b(x,£. A) are smooth with respect to x G [0,1) taking values 
in the parameter-dependent Boutet de Monvel’s calculus on Y of type zero and 
corresponding orders. By Mellin quantization (see, e.g., El), the operator El 
has a representation 


Q(A) 


/ u 

Vl 

WJ 


(I) = 2 ? 


9(<r) = -m/2 (0,1) 


/ (?)% 


l A) 


x ,m u(x') \ 
x' mi Vi(x') 


\x' mK v K (x')) 


dx 

—— da 

x' 


modulo a regularizing parameter-dependent generalized singular Green operator in 
Boutet de Monvel’s calculus, where the Mellin symbol h(x, a , A) is given by the 
formula 

h(x, a, A) = f- JJ e~ l ( r ~ l ^r l ' T ip{ r )b{x, £, A) dr d£ (7.6) 

for r, ( G R, <T G C, and <p G C'o°(M+) is a function such that <p = 1 near r = 1. 

Pick cut-off functions G Cq°([ 0, 1)) near zero with w -< to -< Q, and 

consider these functions as functions on M (or N) supported in Uy. With the 
parametrix Si (A) from Proposition 17.31 we define 

C^(M-E) 

B 2 (A)=wQ(A)u; + (1-u;)Bi(A)(1-w): k ->C°°(M;E). (7.7) 

© Of 3 {N; Fj ) 

3 =1 


By construction, we obtain the following 


Proposition 7.8. . 82 (A) «s a parameter-dependent parametrix in Boutet de Mon¬ 
vel’s calculus of CT> which is properly supported, uniformly with respect to A G A. 
We have 82 (A) — 81 (A) G 8 _oo ’ 0 (M; A), and 

x- m / 2 H%(M ; 8 ) 

82(A): * f 

J =1 




is continuous for all s > — • 
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In order to further refine the parametrix $ 2 (A), we first recall the notion of 
operator-valued symbols on the sector A (general information about such symbol 
classes can be found in EH E23): 

Definition 7.9. Let H and H be Hilbert spaces endowed with strongly continuous 
groups of isomorphisms {k b } and {ic e }, g > 0, respectively. 

A function g G C°°( A,j£?(H, H)) is called an operator-valued symbol of order 
g G R, if for all multi-indices a G Nq 

\\Kl x ] 1/m d%g(\) K[x]1/ m ||^ (H H) = 0(|Ar /ro - |Q| ) (7.10) 

as |A| —> 00 , where [•] is a smooth function on C with [A] > 1 for all A G C, and 
[A] = |A| for |A| > 2. 

Moreover, for every j G No there should exist (twisted) homogeneous (or «- 
homogeneous) components <J( p -j) G C'°°(A \ {0}, Jzf(H, H)), i.e. 

A) = ^h e g^~j') (A)a' e 

for g > 0, such that for some excision function x G C'°°(C) (y = 0 near zero 
and x = 1 near infinity) and all N £ N 0 the symbol estimates 17.1011 hold for 

IV—1 

g{ A) — x(A)ff( At -j)(A) in the place of g{ A), and /i replaced by g — N. We 
3 -0 

sometimes write 

OO 

5(A) ~ A), 

j=o 

and <?a(A) := g^){ A) is called the principal component of g( A). 

We call the operator-valued symbol g( A) compact, if in all conditions above we 
may replace the space of all bounded operators Jzf(H, H) by the ideal of compact 
operators /C(H, H). 

In the considerations below the Hilbert spaces H and H will either be function 
spaces on the model cone Y and ( dY) A , or just C^, and the group action is either 
the normalized dilation k b from Definition !.^. 12l on the function spaces, or the trivial 
group action ( h e = I ) on C^. 

The following Definition 17.1 II of generalized Green remainders is essential for 
understanding the structure of remainders of the parametrix construction, and for 
further necessary refinement of the parametrix itself. 

Let d+ denote normal differentiation on 2 M (near the boundary d(2M)), where 
“normal” refers to some Riemannian metric, smooth up to d(2M), that coincides 
near Y with dx 2 + dy 2 . 


Definition 7.11. Let d G No and fiGt. An operator family 

Cq°(M; E) C°°(M; E) 


5(A) = E^( A ) 

3 =0 


: C^(N;F) C°°(N-F') 


C 


IV_ 


C N + 


5+0 0 
0 0 0 
0 0 0 


J 


(7.12) 
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is called a generalized Green remainder of order /x and type d in the scales x^H^ 

V cN - J 

(x a ''HS\ 

to x&'H£ if for all cut-off functions G C'q°([0, 1)) near zero the following 

V c N +) 

holds: 

i) For all j = 0,..., d 



( 

/ x a H^M-E) x a Hl(M;E) \ 

\ 



© © 


a j (A)(i-d>) e f) y 

A, /C 

x^H^N-y) , X?Hl(N- F') 


s,teR 


© © 



l 

^ c N - C N + J 

/ 

ii) For all j = 0,..., d , 




° A 

° A 

C^{Y 

E) C°°(Y -E) 


© 

© 

SjW-w6j(A)w: C$°(dY A ;F) C°°(dY A ;F') 


© 

© 


c N - 

C N + 


is a Green symbol, i.e. a compact operator-valued symbol 

g/C^ a (Y A ;E) g'/C t,a ' (Y A ; E) 

©_ © 

5 /c s ^((aF) A ;F) - ^'{{dYr-F') 

© © 

c N - C N + 


of order /x G M for all s, t, <5, 5' G K. 

Here, for s,8,a G R, we write glC s ’ a = tufC s ’ a + (1 — u>)x~ s IC s ’ a , as well 
as &K, o’“ = ( -sJC ~ s ’~ a ~ m ) , where the dual space is to be understood with 
respect to the pairing induced by the :r _m / 2 L 2 -inner product. 


Correspondingly, the operator family dm is called a generalized Green remainder 


(x a H? 


Vi 


of order [i and type d in the scales a;' 9 I to I x 0 Hi I if for all cut-off functions 


\c N - 


C N + 


u,Cj G Cq°([ 0, 1)) near zero the following holds: 
iii) For all j = 0,..., d 

( ( x-HUM-E) 


(l-uO^A), Gj(X)(l-Q) € D y 


seR 

t >-i 


A, K, 


\ 


vlX) \\ 

© © 

x /3 H§(N;F) , X?Hl(N-F') 

© © 

C N + / 


c 


N- 
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iv) For all j , d , gj (A) = u>Gj (A)© is a compact operator-valued symbol 


sIC, 


s ' a {Y A -E) 




A,min 



s IC s ^{(dY) A -F) s ,K*>P{{dY)\F') 

© © 

C N ~ C N + 


of order g for all s,t,8,5' 6 l, t > — where analogously to the above 
6-V A.min(^) 

In ii) and iv), the property of being an operator-valued symbol always refers to 

/Kg 0 0\ 

the group action 0 K e 0 , i.e. we consider the normalized dilation group n e 

V° 0 V 

from Definition 15.121 on the function spaces, and the trivial group action on C^. 
Moreover, multiplication of the Gj( A) by the cut-off function u> (or Co) above is to be 

(oj 0 0\ 

understood as multiplication by the diagonal matrix 0 to 0 , while 1 always 

V° 0 V 

is the identity matrix. In particular, 1 — io is to be understood as multiplication by 

h-u o o\ 

the matrix 0 1 — to 0 . 

\ 0 0 0/ 

It is needless to say that these definitions also apply to each entry of the matrix 
A) separately (which corresponds, e.g., to N± = 0 or F = 0, F' = 0). For 
7V_ = N + = 0, every generalized Green remainder of order g and type d is an 

element of A), the class of regularizing parameter-dependent generalized 

singular Green operators in Boutet de Monvel’s calculus on M of type d, i.e. we 
pass to a specific class of admissible remainders here. Both meanings of “Green” 
should not be mixed up, and it will always be clear from the context which notion 
applies. 

It is not hard to prove that every generalized Green remainder 5(A) of order 
g has an associated sequence t/( At _ J )(A) of (twisted) homogeneous components of 
order g — j, j & No — namely the components of the operator-valued symbol 
loQ(X)u — and these components are unique, i.e. they do not depend on the choice 
of cut-off functions lo,Cj £ C^^Ojl)) (the argument is similar to Lemma 5.19 in 
0). Consequently, we write 


s(A)~ES(^)( A )> 

1=0 

and call 1 m(A) := G(g,){ A) the principal component of A). Moreover, the intersec¬ 
tion of all generalized Green remainders of order g and fixed type d consists of the 
so called regularizing generalized Green remainders of type d. 
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Observe, in particular, that the operator 

x a H°(M-,E) x a 'Hl(M-E) 


Q{\): x< 3 H§(N-,F) -► x?' H^N-F') 


C N - 


C N + 


is compact for all A G A and all s, t G K, s > 
Green remainder of type d G No in the scales 


d — where CJ(A) is any generalized 
(x a H§\ fx a 'H§\ 

x 13 !!^ to x 13 ' Hf ■ Analogously, 

V C N - ) \ C N + ) 


X^H^M-E) ^min (t) 


G{ A): x@H§(N; F) -> ad 3 ' F') 

© 0 

C iV- C N + 

is compact for all A G A and all s > d — A, t > —A, for any generalized Green 

(x a Hf\ / V^ n \ 

remainder C1(A) of type d G No in the scales x^H^ to x@ 'H§ ■ 

\ C N ~ ) \ C N + ) 

It is easy to see from the definition that the generalized Green remainders form 
an algebra, i.e. the composition f/i(A)f/ 2 (A) of generalized Green remainders Gj( A) 
of orders pj and types dj, j = 1, 2, is a generalized Green remainder of order P 1 +P 2 
and type d 2 , and the principal component of the composition equals the product of 
the principal components of the factors (here it is of course assumed that the scales 
fit together such that the composition makes sense). 


Lemma 7.13. Let 


GW 


' Go,oW 

G o,i(A) 

Go,kW 

Go,K+iW 

Gi,oW 

Gi,i{\) •• 

Gi,kW 

Gl,K + lW 

Gk, o(A) 

Gk, i(A) 

Gk,k( A) 

Gk,k+\W 

Gi<+ i,o(A) 

5a'+i,i(A) •• 

Gk+1,kW 

Gk+1,K + iW , 


be a matrix of generalized Green remainders of fixed type d G No, and let Ui — nj 
be the order of GijW, i,j = 0 ,..K + 1. Here G( A) is an operator 

x~ m / 2 H°(M-,E) x- m l 2 H s h {M\E) 


0 x m/2-m jH s+m- mj -l/2^ N _ F ^ ^ ^m/2-m, ff Gm-ra r 1 / 2 j jV; 

j=l 3 = 1 


C N C N 

for s > d — and the Gi,j( A) are assumed to be Green in the corresponding scales 
of spaces. 
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Let 0a(A) be the matrix of principal parts of G(X), an operator family in the 
spaces 

JC s -m/ 2 (Y A -,E) IC s ’- m / 2 (Y A ; E) 


0 fcs+m-mj-1/2,m/2-m.j ^QY^-Fj) —> 0 p.^ 

3 =1 3 = 1 


C N C N 

for s > d— ^ and A £ A\{0} ; and assume that 1 + (7 a (A) is invertible for A £ A\{0}. 

Then 1 + Q( A) is invertible for large A £ A, and there exists a matrix t/(A) = 
(Gi,j( A)) of generalized Green remainders Gij(X) of the same type d £ No and order 

Ui — rij, i, j = 0,..., K + l, such that (l + C?(A)) 1 = 1 + C?(A) for |A| > 0 sufficiently 
large. 

Proof. Note that the matrix f/(A) is of order zero with respect to an order convention 
of Douglis-Nirenberg type: A matrix (t?,:y(A)) is to be considered of order g £ M if 
Gi,j( A) has order Hi — Hj + g, and correspondingly a matrix GaW is K-homogeneous 
of Douglis-Nirenberg order g if 



/ Q n °K e ■ 

0 o \ 


(e no K e ■ 

0 0 \ 

GA(g m X ) = q» 

... o o 

• Q n *K e 0 

0 g nK + 1 y 

0a(A) 

0 

V o • 

• Q nK n e 0 

0 g nK + 1 J 


for g > 0, where in our situation g = 0. 

Therefore we see that the inverse of 1 A Ga (A) is of the form 1 + Ga (A), where 
Q a (X) is K-homogeneous of (Douglis-Nirenberg) order zero, and from the identity 

(1 + 0(A)) -1 = 1 - Ga{ A) + Sa(A)(1 + 0 a (A))^ 1 0 a (A) 

we see that CJ A (A) is a principal Green symbol of type d and Douglis-Nirenberg 
order zero. 

With a cut-off function to £ (7“([0,1)) and a function % £ C'°°(C) with % = 0 
near zero and X = 1 near infinity define 

(uj 0 0 \ (u; 0 0 \ 

G'(\):= 0 w 0L(A)5a(A) 0 w 0 . 

\0 0 1 / \0 0 1 / 

Then Q'( A) is a generalized Green remainder of Douglis-Nirenberg order zero and 
type d, and 

(1 + G( A)) (1 + G'( A)) -1,(1 + G\ A)) (1 + 5(A)) - 1 

are generalized Green remainders of Douglis-Nirenberg order —1 and type d. 

As the classes of generalized Green remainders are asymptotically complete, a 
standard formal Neumann series argument now shows that 1 + Q (A) has an inverse 
of the asserted form modulo regularizing generalized Green remainders of type d, 
and as these are rapidly decreasing in the norm as |A| —> oo the assertion of the 
lemma regarding the invertibility of 1 + f?(A) for large A follows. 
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Finally, it remains to note that if 5(A) is a regularizing generalized Green re¬ 
mainder of type d , the inverse of 1 + t/(A) for large A is of the form 

(1 + 0(A))' 1 = 1 - 5(A) + S(A)x(A)(l + 0(A))"^(A), 
where % G C°°(C) is an excision function as above, and 

-0(A)+ a(A) X (A)(l +0(A)) _1 0(A) 

is obviously a regularizing generalized Green remainder of type d. □ 


Let wAo(^") be the conormal symbol of O- The c-cllipticity implies that the 
inverse A^ 1 {a) is a finitely meromorphic Fredholm function on C, and there exists 
a sufficiently small £q > 0 such that Aq(u) is invertible in 

{cr £ C; —m/2 — eq < 3a < —m/2 + eq, 3a ^ —m/2}. 


Define 

h 0 (a) = A// 1 (a) - h(0,a,0), (7.14) 

where h is the holomorphic Mellin symbol from Then ho (a) is finitely mero¬ 

morphic in C taking values in B~°° ,0 (Y), and it is rapidly decreasing as |9?er| —> oo, 
uniformly for 3a in compact intervals (this is subject to the composition behavior 
of cone pseudodifferential operators without parameters; a proof can be found in 
130]). Moreover, the set 

{a £ C; —m/2 — £q < 3a < —m/2 + eq, 3a ^ —m/2} 


is free of poles of h 0 (a). 

Let to £ C'q°([0, 1)) be a cut-off function and 0 < s < Eq- Define 


m(x, x', a, A) := w(x[A] 1 / m )/io(a)w(a/[A] 1 ' /m ) 


m/\(x, x 1 , a, A) := w(:r|A| 1 / m )/io(a)u;(2;'|A| 1//m ) 


(x’ m 

0 

• o \ 

0 

/mi 

X 

0 

V o 

0 

••• x’ mK ) 

/ /ITT. 

0 

0 \ 

0 

/mi 

X 

0 

V 0 

0 

■ • • x ,mK ) 


and associated operators 


Cq°(M; E) 

M{ A): K ® o —> C°°(M; E), (7.15) 

©C 0 °°(V;F,) 

l=i 

c o° y A ; E) 

M a (A): ^ -,G°°(F A ;F) (7.16) 

®C§?(dY -Fj) 

i=i 
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via 


/ U \ 


\vk) 




53 p 

(s / /(?: 

m (A) (,x,x',a, A) 

9 : <t=— m/2+e K+ 


\vk(x')J 



M( A) is a regularizing parameter-dependent generalized singular Green operator 
in Boutet de Monvel’s calculus of type zero, and since the function w(a;[A] 1 / m ) is 
supported in the collar [0, l)xY, M{ A) can be regarded as an operator both on 
the manifold and the model cone. Observe, moreover, that the components of the 
matrix M A (A) are K-homogeneous of degrees — to, —mi, ..., —rriK- 

We define a refinement of the parameter-dependent parametrix $2(A) of (14.111 
from Proposition [O] via 


Cq° {M ; E) 

B 3 (X):=B 2 (X) + M(X): k (7.17) 

© Cq°{N', Fj) 

1=1 

and correspondingly let 


S 3 , a (A) :=Z? 2 j a(A)+M a (A), 
A £ A \ {0}, be the principal part of -83(A), where 


(7.18) 


B2,a(A) 


( u \ 

Vi 


{x) = h / /(T)’”'■ (0 ' t^ • ImA, 


\VkJ 

Proposition 7.19. Let 


$s(cr)=—m /2 M+ 


/ x' m u(x') \ 


\x' k vk{x')J 


dx' 


da. 


V s ■ ( A ) 

^min \TJ 

G{ A) = (0ij(A))i=o,...,A+i : ® 

1=0,1 (£iV_ 


x~ m / 2 E) 

© 

0 x m/2- mj IpQy.p.} 


K 

® 

i=i 


C AT+ 


be a matrix of generalized Green remainders, where Gi,o(X) = 0 and Gi,i{ A) has 
order mi, i = 0,..., K + 1, with mo = m and arbitrary mx+i £ R. 

Moreover, let 

x~ m / 2 H§(M\ E ) 

® T)s (A\ 

_ K 11/0 _ ^minVTV 

G(X) = (ft,i(A)) i=0 ,i : © - © 

1=o,...,a+i 1=1 C^ - 


C AT + 


be a matrix of generalized Green remainders of type zero, where Gij(X) has order 
—rtij, i = 0,1, j = 0,..., K + 1. 
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Then 


r 

( A- 

-A 

0 \ 

1 


T 

0 | + G(X) 

L 

V 0 

0 J 

-1 

1 

< 

0 > 


r 

T a 

0 

+ Ga(X) 


V 

0 



L 


( g 3 (A) 0 \ 

V 0 °) 


+ S(X) 


( B 3 . a(A) 0 \ 

V o 


+ G/\(X) 


1 + 0(A), 


1 + Ga(X), 


where G(X) = (Gi,j( A)) i . =0 if+1 is a matrix of generalized Green remainders of 
type zero, and Gij(X) has order — mj. 


Proof. The proof of this proposition amounts in understanding the structure of the 
following compositions: 

i) ( A - X)G(X) and ^BjG(X), j = 

ii) G(X)B 3 (X). 
hi) ( A ~ x )B 3 ( A). 

In i) and ii), G(X) and <?(A) are appropriate (matrices of) generalized Green re¬ 
mainders. Using the identity 



as well as (anisotropic modifications of) the results about the structure and com¬ 
position behavior of parameter-dependent pseudodifferential cone operators in the 
edge symbolic calculus in scales of Sobolev spaces from US, we can employ here 
the same strategy as in the boundaryless case, see fP : 

• Using the expansions l(i.2L lid Ml) . and (IOI) and a similar expansion for 
B 2 (A) (Taylor expansion of the symbol h(x,a,X) from (17.(ill in x = 0), 
an inspection of the proof of Lemma 5.20 in ,3j reveals that the analogue 
of this lemma also holds in our present situation, i.e. the compositions i) 
and ii) above result in Green remainder terms as asserted, and the principal 
components satisfy the desired multiplicative identity. Note, moreover, that 
each component of M( A) gives rise to an operator-valued symbol taking 
values in 

• Composition iii) is of the form “1 + Green”, and the proof of this follows 
similar to the corresponding result for the boundaryless case, see Theorem 
5.24 in g£: 

The composition behavior of parameter-dependent cone operators in 
Sobolev spaces implies 


A - X 
T 


S 2 ( A) 


1 + M(X) + G'(X), 


M( A) 


< u \ 

Vi 


\vk) 




( u(x') \ 

/ /(?: 

ia 

rh(x,x ', cr, A) 

Vl(x') 

—m/2 R+ 


\v K (x')J 


dx' 

— dcr, 
x' 
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where Q'( A) is a matrix of generalized Green remainders, and m(x, x ', a , A) 
equals 

( x rrn 0 

. 

0 0 

with ho(a) from EB - The composition ( A T X )M{ A) compensates the 
Mellin term M(X), and the remainder is therefore Green. 

□ 




Remark 7.20. In the situation of Proposition l7.19l we also have that 


f g 3 (A) 0 \ 
V 0 




(A -A 

0 

+ GW 


T 

0 



V o 

0 


+ gw 


1 + £(A), 


where G(X) = (Gij( A)).^. =0 1 , and ^o.o(A) G B 0O,Tra (M; A) is a regularizing para¬ 
meter-dependent singular Green operator in Boutet de Monvel’s calculus on M. In 
addition, we have the following properties (see also Lemma 5.20, Proposition 5.22, 
and Theorem 5.24 in |S]) : 

For all cut-off functions to, to G Co°([0,1)) near zero the following holds: 

i) 


fl-LJ 

\ o 


J) 5(A), g(x) 


— UJ 
0 


g n ^ 

s,t>-L 





ii) dW 


LU 0 
0 1 


GW 


^ is a compact operator-valued symbol 


sT> 


( A/\ 
A,min \Ta 


A/I? 4 • ( Aa ) 

o ^A,mm VT a / 


c 




c 




of order zero for all 5,5' Gl, s,t > 

The reader surely noticed that in Definition rrra of generalized Green remainders 
the case of operators whose domain is the £> m i n -scale was excluded. For the pur¬ 
poses of this paper, we can consider the abovementioned properties as a definition 
for generalized Green remainders of type m (and order zero). However, if one is in¬ 
terested in parametrices for parabolic equations with time-dependent coefficients on 
conic manifolds, this definition will not describe in an appropriate way the structure 
of the symbol kernels. 

For <m(A) := <m(A), where g( A) is the operator-valued symbol in ii) above, we 
also have 


/ 5 3 .a(A) 0 \ 

V 0 



r 

/ A a — A 

0 

+ QaW 


Ta 

0 



V o 

0 


+ GaW 


1 + G/\ (A) 


for A G A \ {0}. 
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Observe, in particular, that the parametrix 63 (A) is a Fredholm inverse of the 
boundary value problem ED by Proposition !?. 191 and Remark IV. 2 01 and the prin¬ 
cipal part 63 ^ (A) is a Fredholm inverse of the associated problem on the model 

for A G A\{0}. 

Theorem rrrn deals with the final refinement of the parametrix, 
and constitutes the main result as regards the parametrix construction of ED- 



The following 


Theorem 7.21. Assume that ED is c-elliptic with parameter A G A, and assume 
that the model boundary value problem 


•4a (A) — 


Aa — A 

A 


: V 


A,min \ rp 

\ a / 


A a \ 


TJ ' 

K 

© tc s+m 

3=1 


IC s ’-m/ 2 (Y A -,E) 


0 jQs+m-m j -l/2,m/2-m j ^QY) A - Fj 
7=1 

(7.22) 

is injective for some s > —^ and all A G A \ {0}. Recall that, by n-homogeneity, 
the injectivity needs to be required for |A| = 1 only, and the injectivity of (17.2211 is 
equivalent to the injectivity of 

A a ,t a - A : ^, min (4 Al r A ) - M~ m / 2 (Y A -E) (7.23) 

for all A G A \ {0} (or |A| = 1). 

i) There exists a generalized Green remainder K o(A) : C d —► x~ m ^ 2 H^(M; E) of 
order mo = m, where d" = — ind ( T ) 2?a , such that 


/A-X 

JCq(X) 

761 

0 

\ 7 b k 

0 


V s ■ ( A ) 
^min \t) 

© 

C d " 


x~ m / 2 H§(M-,E) 

k ® _ (7.24) 

0 x rn/2-rn iH *+ m -mj-l/2( N . F ,j 
3=1 


is invertible for all s > —4 and A G A with |A| > 0 sufficiently large. 
Moreover, there exists a matrix 


So (A) 

Si{X) ■ 

Gk( A) 

MX) 

MX) • 

• T k ( A) 


x - m / 2 H§(M;E) 


V s ■ fA 

^min \T) 


K 

© - 

3 =1 


of generalized Green remainders Gj(X) and Tj (A) of orders —m j and type zero, 
such that the inverse of is of the form 


( 63 (A)+ g(A) \ 

l J 


x~ m / 2 H§(M; E) 


l/2 (N-Fj) 

3=1 



where 63 (A) is the parametrix from 17.1 Til , and 

G(x) = {G 0 (x) g 1 (\) • •• g K ( a)), 

T(A) = (T 0 (A) 71(A) T k ( A)). 


(7.25) 
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In particular, the boundary value problem 

l A ~ X \ 

7-Bi 


-4(A) = 


: V s 


\ 7 Bk ) 


K 

® 

3 = 1 


x~ m / 2 H§(M-E) 

® 

-s-\-m—mj — 1/2 /“tT7. 


0 ^\ N]Fj ) 


(7.26) 


is injective for large A £ A, and the parametrix B( A) := / 63 (A) + C7(A) is a left, 
inverse, 
ii) Let 


n(A) := 1 — A(X)B(X) 


IIo,o(A) 

IIo,i(A) 

n 0i ff(A) 

ni,o(A) 

ni,i(A) • 

n 1 ,Rr(A) 

nif, 0 (A) 

!!/<-,1 (A) • 

• H-k,k(X) 


Then Wj (A) is a generalized Green remainder of order mi — mj and type zero, 
and 11(A) is for large A a finite-dimensional projection onto a complement of 
the range of rrm Whenever 


7lx>(Ao) 


( A — A 0 ^ 



\ 7 B k ) 


x~ m / 2 Hf{M] E) 


0 x m/2- mj H s+m- mj -l/2^ N _ F ^ 
3 =1 


is invertible for some Ao € A and some domain 2A^ in (^) C V s (^) C TAmaxlr)’ 
the inverse 7lu(Ao ) _1 can be written in the form B( Ao) + 7lT>(Ao)^ 1 n(Ao). 
in) Let Bt(X) ■ x~ m ^ 2 H^(M; E) —> TAmin(r) Interior part of the parametrix 

6 (A). Then, for large |A| > 0, 

Bt{ A) : x- m / 2 H°(M-,E) -> V s min (A T ) = V° min (^J n ker T, 

and Bt{ A) is a left inverse of 

At - A : V s min (A T ) - x~ m / 2 Hf{M- E). (7.27) 

T/ie operator IIt(A) := 110,0 (A) = 1 — ( At — X)Bt(X) is a generalized Green 
remainder of order and type zero, and for large A a (finite-dimensional) pro¬ 
jection onto a complement of the range of 17771 . Whenever 

A t - Ao : V s (A T ) -*• x~ m/2 H^(M ; £7) 

is invertible for some Ao G A with |Ao| > 0 sufficiently large and some domain 
2?^ lin (Aj’) C V s (At) C £>ma x(At)> the resolvent can be written as 

(At — Ao ) -1 = Bt( Ao) + (At — Ao) _ 1 IIt(Ao). 

iv) The principal component 

V s (A a) ic °’-™/ 2 (Y A -E) 

(A a - A 1C o,a(A)V A ’“* j ® 

\ t n * k 

\ A / 0 irs+m-m, -l/2.m./2-mj ) 

1=1 

(7.28) 
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of 17.2411 is invertible for all A £ A \ {0}, and the principal component 

/C s ’- m/ 2(Y A ;£) 


g 3 ,A(A)+g A (A) 

A (A) 

of 17.2511 is the inverse. 


Q j£s+m—rrij —l/2,m/2—mj ((QY ') A - 
3 =1 


T) s . /A A \ 
^ A ,min VTa / 


(7.29) 


Proof. Let X = A n S' 1 , and consider the operator family A A) t a ~ A from rrm as 
a smooth Fredholm function on X. By well known results about Fredholm families 
on compact spaces and a density argument (see also the appendix of 0 ), there 
exists a function 

/Co, A (A) € C°°{X) < 8 > (C d ”y ®C^(T A -E) 

such that 

2? A,min(^A,T A ) 

(A a -A /C 0 ,a(A)) : © -E) (7.30) 

C d " 

is invertible for A £ A', and so is the extension of 17.301) to A \ {0} by (twisted) 
homogeneity of degree m (we will use the same notation /Co, a (A)). A simple cal¬ 
culation now shows that also I7H is invertible for A £ A \ {0} for this choice of 
£o,a(A). 

As ind A a (A) = — ind£> 3 , A (A), the same abstract results about Fredholm families 
on compact spaces as applied before and extension by (twisted) homogeneity now 
imply the existence of a matrix C a (A) of principal Green symbols of type zero and 
suitable N-,N+ £ No, 


N+-N- = ind £> 3 , a (A) = -d", 


such that 


]C*- m / 2 (Y*;E) 


(B 3 , a (A) 

l o 


0 

0 


+ C a (A) : 


jQs+m-rrij -1/2, m/2—rrij Fj) 

3=1 


c N - 


V 


s 

A,min 




) 


c N + 


(7.31) 

is invertible for A £ A \ {0}. By possibly enlarging 7V_ and N + and the matrix 
C a (A), we may assume that N + > d", and by possibly augmenting the matrix 17.281) 
by an invertible lower right corner (if N + > d"), we can multiply 17.281) and ifTTHTl . 
The product is an invertible matrix of the form 1 + C a (A), where C A (A) is a matrix 
of principal Green symbols. As 


(l+C A (A)) — 1 + C"(A) 


with a matrix C A (A) of principal Green symbols, we conclude that the inverse of 
(ITlSll is indeed of the form (IT~29l) for suitable matrices <? A (A) and (A) of principal 
Green symbols of the asserted order and type zero. Here we used the fact that the 
matrices of the form “1 + Green” are spectrally invariant, see the proof of Lemma 

17131 
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Choose a cut-off function to £ Cq°([0, 1)) near zero, and an excision function \ £ 
C°°( C), i.e. X — 0 near zero, and \ = 1 near infinity. Define 1C o(A) = wx(A)/Co. a (A), 
and G\\) = u X {X)Q a {X)lu, T'(A) = x(A)T a (A)w. Then /C 0 (A), G'{ A), and T'(A) 
are matrices of generalized Green remainders, and 


A - X 

1C 0 (\) \ 

f B 3 (\) + G'(X) 

T 

° ) 

{ r>{\) 


l + G" (A), 


where C?"(A) = (<5" ? (A)), = K is a matrix of generalized Green remainders of 
type zero, and G"j( A) has order rm — rrij (where mo = m). Moreover, by construc¬ 
tion we have the situation of Lemma IV. 1 HI for 1 + Q" (A), and thus 

is invertible from the right for A £ A with |A| > 0 sufficiently large, and the right 
inverse is of the form Trm . Hence both i) and iv) will be proved if we show that 

is also invertible from the left. 

To this end, note that 


(A- A /Co(A) 

y t o 


(A- A 1C 0 (A)\ 
{ T 0 ) 


B 3 {\) + g'{\) \ 

f A-X 

1C o(A) 

T'(A) ) 

T 

0 


1 + 0{X) 


with an operator fy(A) which satisfies the conditions of Rema,rk l7.20l Moreover, by 
construction Q A ( A) = 0, where £ a (A) is the principal part of fy(A). Thus 


N 

(E(-l)^(A) j ) (! + ^(A)) = 1 + 0n+ i(A), 

4=0 


/ V s ■ ( A ) 

[ ^min \T) 

and for N > 0 sufficiently large the operator norm of ^iv+i(A) in ® 

V C d " 

is tending to zero as |A| —> oo. This shows that (17.2411 is invertible from the left and 
completes the proof of i) and iv). Note that ii) and iii) follow immediately from i) 
by simple algebraic calculations. □ 


8. Resolvents 

The final section is devoted to the main theorem of this article: 

Theorem 8.1. Let be c-elliptic with parameter in the closed sector A C C, 
and consider the unbounded operator A in E) under the boundary 

condition Tu = 0 on some intermediate domain V m - n i(At) C T>(At) C 2Amax(Ar)- 
Let T> a (A a ^t a ) — 0(1){At)) be the associated domain for the model operator A a 
under the boundary condition T A u = 0 according to Proposition Em and assume 
that A is a sector of minimal growth for A a with this domain, i. e. 

A a - A : 2? a (A A jTa ) - x~ m / 2 L 2 b {Y A -,E) 

is invertible for A € A with |A| > 0 sufficiently large, and the resolvent satisfies the 
norm estimate 

\\(Aa,t> a - A) \\&{ x -™/ 2 L 2 b ) = 0{\\\ x ) 

as | A | 


oo. 
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Then A is a sector of minimal growth for the operator A in x rn ! 2 L | ( M ; E ) with 
domain T>(At), and for large A G A the resolvent can be written in the form 

(A-p — A) = Bt{A) + (Ap — A) IIt(A) (8-2) 

with the parametrix Bt (A) and projection ILj’(A) onto a complement of the range 
of A m j n — A from Theorem [7171 

The resolvent condition on A a from Theorem E is an analogue of the Shapiro- 
Lopatinsky condition and is associated with the “singular boundary” Y of M (see 
Proposition 15.141 for a discussion of this assumption). 

With the preparations from the previous sections, we are able to follow the same 
idea as in the boundaryless case in !.) . 


Let 

^ ■ ^max ("j"') £(Tq * £ A, a q ^A,max 

ctoGS cjqGS 

be the isomorphism of the spaces of singular functions £ max — 2A max /I) min and 
^A,max — T> Aimax /2? Ajm that was constructed in Sectional Recall that E is the 
part of the boundary spectrum of ( T ) in {a G C; —m/2 < A(a) < m/2}, and for 
(Tq G E let N(ao) G No be the largest integer such that Ss(oo) — -/V(<t 0 ) > —m/2. 

The normalized dilation group n e respects the space £ Aimax , he. K g '■ A,max —» 
^A.max for g > 0. Consequently, we can define a group action k e on £ max via 

Kg 6 K g 0 . f ma x + ^max- 


We may write k e = K g L g , where 

Lg = K^e^KgO : f max - C°°(Y A -E) 

is the direct sum of the operators L g \g which act as follows: 
For u G £a 0 we have 


JV(o-o) 

LgU = ^2 Q^e ao ^{g)[9u), 

i ?=0 


(8.3) 


where e (7o ^(g) is defined as 

£<7q = Q K g ^aQ.lSKg : £/\,(7o * C (I j E} 

with the operators e CTo .,'> from Section[U] In particular, e CTOi o(f?)(u) = u for all g G R+ 
and u G £a,<t 0 - 


Lemma 8.4. 

i) For every if G £a,o- 0 anc ^ every •& G {0,..., iV(<To)} there exists a polynomial 
q^{y,\ogx,logg) in (log x, log g) with coefficients in C°°{Y\E) such that 

eo-o AeM) = <F>(y^gx,\ogg)x' l{r70 ~ li) \ (8.5) 

and the degree of q$ with respect to (logs,log g) is bounded by some p G No 
which is independent o/aoGE, i(G £a,o- 0 , and •& G (0,..., iV(<To)}. 
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ii) Let oj £ Cq°(K+) be any cut-off function near the origin, i.e., u> = 1 near zero 
and oj = 0 near infinity. Then the operator family 

co(L g - 9 ) : f max - /C 00 ’ _m ' / 2 (y A ; E) 
satisfies for every s £ R the norm estimate 

l\“( L e - e ) ll^(S max ,^.-W 2 ) = Oig- 1 log'" g) as g -> oo, 
where /i£ No is the bound for the degrees of the polynomials q$ in i). 

Proof. The proof is literally the same as in Lemma 6.18 from 9 . □ 


Lemma 8.6. Fix a cut-off function oj £ C^°([0, 1)) near 0. For g > 1 consider the 
operator family 


A ( g ) — OJqKq '. f m ax 


po 


= n ® 

t >-i 


t 

max 




where oj g (x) = oj(gx). If q : T > max (^) —► fmax is the canonical projection, then 


qoK(g) = k e , 


and we have the following norm estimates as g —> oo: 

\\K{g)\\^^ x - m/ , Ll) = 0{l), ( 8 . 7 ) 

\WtAK{g)\\^_ x _ m/2Ll) = 0(g m ), (8.8) 

\\ K g 1 'y^tK(0)\\^^£ rn ^i C m-m e -l/2,m/2-ra e ^ = 0{<T% i=i,...,K. ( 8 . 9 ) 

Note that K{g)u is supported in (0, p^ 1 ] x Y C Uy f or all u £ £ max , and thus it 
makes sense to apply the group action nf 1 in the estimates E3 and (ICTl . 

Proof. That K(g) is a lift of k e to T>m ax (^) is evident from the definition. In 
order to show the norm estimates, it is sufficient to consider for each cr Q £ E the 
restriction 

k ao {g) = k(e )\ iao : 4o - ^ax(p) 

and prove the estimates for this operator. Recall that k e = n g L g so that for u £ £ ao 
we have K ao (g)u = n e {u>L g u). 

The norm estimates (IQ) and fra follow in the same way as the corresponding 
assertion in the boundaryless case, see Lemma 6.20 in [§]. The same method of 
proof also gives (EH) ; for sake of completeness, we give a proof of this estimate 
below, i.e. we prove that there exists a constant C > 0, independent of u £ £<j 0 
and g > 1 , such that 

\\K- 1 ^Bz(K e (uL e h))\\ lc rn-rn l -l,2, m/ 2- miL < C Q™* \ \ 0JV ,\\„„„ . 

To this end we split Be near Y as in (Oil , i.e. 

m— 1 

B e = x~ mt J2 Be, k x k + B tm 

fc=o 

with totally characteristic operators Be t k G Diff'™ f (Y : E, Fe) with coefficients inde¬ 
pendent of x , and Be, m £ x m ~ me Diff (Y A ; E, Fe). As we are working exclusively 
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near Y, we may without loss of generality assume that the coefficients of 
vanish near infinity. 

By (18.31 1 we obtain 


K e 1 1 B e (K B (uiLgu)) 

m — 1 

= 'yBe,kX k 'j K e (uL e u) + K- 1 'yBe,rnKg(uLgU) 


k =0 
m— 1 


6 mt (x ^2 6 fc 7 Bi f kX k> j(uj ^2 6 J ecr o j(Q)(0u)^ + K, g 1 7Be,mK Q (LjLgu) 
k =0 j=0 

2m—2 

T, Q me ~^ ^x~ rne y ('yBe } kX k )(u}ea 0l j{Q){du))^j + k~ 1 ^Bt,mK e (uL e u) 


k-\-j= , & 
0<k,j<m— 1 


with the convention that e (70 j(g) = 0 for j > N(a o). 

For every i9 £ {0,..., 2m — 2} we consider the family of linear maps 


( 8 . 10 ) 


“ E 

h-\-j= , & 

0<k,j<m—l 


(7 Bg k x k ) (u;e a0}J (g){9u)) 


( 8 . 11 ) 


j^m-m e -l/ 2 ,m/ 2 -m e ^QY\^^p e y 


We will prove that EH) is well-defined, i.e., every u £ £ ao is indeed mapped into 
and the norms are bounded by a constant times log M g as 
g —v 00 with g as in Lemma IOI Thus for every $ £ {0,..., 2 m — 2} we have 


g m ‘-»(x-m‘ y (7 B t , k x k )(ue ao j{g){0u))) 


k+j= f & 
0<k,j<m—l 


l/2,»/2-m ( 


< const • ( g me l> log^ g) 


while for ■& = 0, 


Q"«x- mt 'yB e , 0 u>e <To ,o(g){Ou) = g mt ^B itA u(eu), (8.12) 

so for this term we have a norm estimate without log. 

Let u £ Cg°(K+) be a cut-off function near 0 with oj -< Cj. Then there exist 
suitable ip, <p £ Cq°(R + ) such that for all u £ £ ao , 

x -m e (7 Be }k x k )(ujea 0 ,j(Q)(du )) 

k-\-j= r Q 
0<k,j<m —1 

= 0 JX~ mi y ( , yBe,kX k )ea 0 ,j(Q)(9u) + <px~ mi y ('yB t , k x k )ipe l7o ,j(Q)(0u). 

k-\-j=-& k-\-j= , & 

0<k,j<m—l 0<k,j<m—l 

(8.13) 

According to Lemma 18.41 the second sum in (18.1311 is a polynomial in log g of 

_2_A 

degree at most g with coefficients in Cfi°(dY ;F». As both n~ 1 "/Be(n B (u;L e u)) 
and k“ 1 7 Be im (n e (u)L e u)) belong to , we get from the equations 
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(18.1 011 and (ETH1 that necessarily 

x~ me Y, (7 B e , k x k )(u;e a0tJ (g)(eu)) G/C m -m^M2-m e 

k+j= f & 

0<k,j<m—l 

for all g £ R+ and all u £ £ ao , and, moreover, that 

Lux~ mi Y (lBe tk x k )e rJ0}J (g)(9u) = 0 

k+j= f & 

0<k,j<m—l 

for 3(cro) — 9 > —m/2 because these functions are of the form 
cdQT c ao _ i{ t_ mt)iV W) log" . 

V 

For Sj(cto) — 9 < — 1 x 1/2 every single summand u)X~ me (jBi^x k )e ao j(g)(9u) belongs 
to the space an d by Lemma IOI is a polynomial in logp of 

degree at most /i with coefficients in _ 

Summing up, we have shown that for every u £ £ ao the function 

x ~ m ‘ Y b B e,kX k )(ue<ro,j{Q)(9V')) 

k-\-j= , d 
0<k,j <m— 1 

is a polynomial in log g of degree at most g with coefficients in ^ 

and from the Banach-Steinhaus theorem we now obtain the desired norm estimates 
for the family of maps iEuTI) . 

On the other hand, 

Il«e : l lB^ m K e {yjL g u) l/2,m/2-m e < 

\\uK e 1 'yB( rn K g l2)\\\\tjJL g ll\\fcm, - m /2 
for cut-off functions u> -< oj -< u>. Lemma 18.41 implies 

\\uL B u\\ Km ,-m /a < const||o;{i||x) max , 

and so 

\\K~ 1 jBe,mK e (ujL g {i)\\ lcm -m e -i/ 2 ,m/ 2 -m e < const 11 uu \\ Cmax 
since \\6jK~ lr yB^ tm K g u}\\ = 0(g me ~ m ) as g —> 00. Thus (18.911 is proved. □ 


Proof of Theorem A8.il Fix some complement £ max of L\nin(y) in T , max (y) and let 
£ C £ m ax be a subspace such that 2?(y) = Anin^) © £■ With respect to this 
decomposition we may write the boundary value problem 63 as 




1 A 
T 


= {Av^{\) A{X)\s) = ( {A X) ^ (j4 A)|f 

V 1 |x>mi„ 

X ~ m / 2 Ll(M ; E) 


|T> min T\s 


©min (t) 
© 

£ 


K 

e 

7=1 


®a; m /2 - m i H ™ mj 1/2 (N;F j ) 
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Let d" = dim £. Under the assumptions of Theorem l8.1 I we may apply Theorem l7.2 II 
and obtain the existence of a parametrix £>(A) and a generalized Green remainder 

AC( A) = 


0 


of order m such that 


ACoWV 
r|D„, n o 


x~ m / 2 Ll(M-E) 


K 


c d 


0 x m/2-m,j jj rn - m 3-' i -/ 2 ( N- 
. 7=1 




is invertible for A 6 A sufficiently large with inverse 

-l 


(^-A)| Cmin JCowy 1 = jm_ 


T | 


TV 


0 J 


T(A) 


(8.14) 


where T(A) = (7o(A) • • • 7k{\)) is a matrix of generalized Green remainders of 

orders —to, —mi,..., — mx and type zero. Since 


(B(X) 


(B(X)Av tDin {X) B(X)K.(X)\ 


t- m mU- min 

J -^(A)J (A) ^ A) ) - (r ( A)^ mln (A) T(X)fC(X)J ’ 

we have S(A)^4p min (A) = 1, T(A)^4x> mln (A) = 0, and T(A)/C(A) = 1. Then 


(A m Amw-f 1 B W A W\e 

(A) Al(A)| e ) - r(A) _4 (A) | e 

which implies that (^n min (A) Al(A)|f) is invertible if and only if 


B{ X) 
T(A) 


F( A) = T(A)Al(A) = T( A) 


(V) = 


c d 


is invertible. Moreover, we get the explicit representation 

-l 


(8.15) 


(8.16) 


= A- D (X)- 1 =B(X) + {l-B(X)A(X))F(X)- 1 T(X), (8.17) 


and 18.211 follows from Theorem I7TT1 

As F{ A) = T{X)A(X) and 1 — B(A)„4(A) vanish on "Dm in ( x ) for large A, they 
descend to operators F( A) : £ max —> C d and 1 — 0(A).A(A) : £ max —► Anax(^)- If 
£ = T>(^)/T> m in(y), then the invertibility of 18.1611 is equivalent to the invertibility 
of 

F( A) :£->C d ", 

and in this case, (i8~T7l still makes sense in this context. 

Let q : T’max(y) —> £ m ax be the canonical projection. The inverses Av{ A) -1 and 
F( A) -1 : C d —> £ C £ m ax are related by the formulas 

F(A)” 1 = qAv{ A)- 1 /C(A) : C d " - £ max , 

x~ m / 2 L 2 (M; E) 

qAviX)- 1 = F(X)~ 1 T(X) : K ® „ _ 

0 x rn/2-m jH ^-rn,-l/2^ F ^ 

3 =1 


in view of T(A)/C(A) = 1. 
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Under the assumptions of Theorem 18. II we prove that F( A) : £ —* C d is invertible 
for large A £ A, and that the inverse satisfies the norm estimate 

||K- A j 1 / m F(A)- 1 ||^( Cd " >£ - max ) = 0(1) as |A| - oo. (8.18) 

Observe that the parametrix construction from Theorem 17.21 1 gives the relation 

ZoAVY 1 = (MV 

A |© A , mlB o ) V t a(a) 

for the K-homogeneous principal parts of lErm Thus with the same reasoning as 
above we conclude that 


A 


■A.'D 


,(A) = 


AIa — A 
Ta 


: V , 


A/\ 
Ta 


x~ m / 2 L 2 b {Y A -E) 


K 


0 K m-». r l/2,m/2-m^ a y)A ;f .) 
4=1 

is invertible if and only if the restriction of the induced operator 

^ Aa — A^ 


Fa(X) = Ta(X)Aa(X)=Ta(X) 


t a 


: £ 


A, max 
A. 


■ c° 


to £a = T>a(^)/T>A, min(^) is invertible. Let q A : X\max(r A ) -> £ A ,max be the 
canonical projection. From the relations 

Fa(X )- 1 = gAA A ,D A (A)- 1 /C A (A) : £ d " -> £ A , maX) 

x- m / 2 L 2 {Y A -E ) 

QaAav^X)- 1 =F a (A)- 1 T a (A) : K ® ->«? A ,max, 

0 1/2,m/2—rrij ((^AjA. j 

4 = 1 

and Proposition EH we deduce that our assumption about the resolvent of H A 
under the boundary condition T A it = 0 is equivalent to the invertibility of Aa,t> a (A) 
with domain 2 ? a (^A), where P A = 0(F) is the associated domain to V, and 

l!K^i /m ^A(A)" 1 ||^ (cd » i £ A max) = 0(1) as |A| -+ cx). (8.19) 

Note that ||K^|i/ m /C 0)A (A)|| = 0(|A|) and ||T fe , A (A)re| A |i/ m || = 0(|A| _mfe /™) as |A| -> 
oo for k = 0,..., m,K , where mo = m. 

Write the operator F(X)0~ 1 Fa{X)~ 1 : C d —> C d as 


F(A)0- 1 U a (A)“ 1 = 1 + (F(A) - F A (X)0)k wl/m 0-\- x ] 1/rn FA(X) 

and let 

R( A) = (F( A) - F A (A)0)«| A|1/m 0” 1 K-J 1/m U A (A)- 1 . 

We will prove in Lemma ET2l that 


-l 


||(F(A) -F 1 A (A)6>)K| A |i/ m || jSf( g maxiC(i » ) ->0 as |A| -> oo. 

Thus together with we obtain that ||A?(A)|| —> 0 as |A| —► oo. Hence 1+A?(A) is 
invertible for large |A| > 0, and the inverse is of the form l + i?(A) with ||i?(A)|| —*■ 0 
as |A| —> oo. This shows that F( A) : £ —> C d is invertible from the right for large 
A, and by the right inverse 0 1 F A ( A) 1 (1 + R( A)) satisfies the norm estimate 

(EH). Since 

dim£ = dim Ax = d", 
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we conclude that F( A) is also injective, and so the invertibility of F( A) is proved. 
In particular, the operator Ad (A) is invertible for large A, and consequently also 

A d - A : V{A t ) -► x- m/2 L 2 b (M ; E) 

is invertible for large A € A. It remains to show the resolvent estimates for (Ad — 
A) 1 as |A| —> oo, see Defjnition H.il 

In order to prove these estimates we make use of the family K(g) from Lemma, 18.61 
and the representation IH7T7I . We may write 

(Av - A)” 1 = Bt( A) + (1 - B(X)A(X))K(\X\ 1 / m )k- x 1 ll/m F(X)- 1 T 0 (X) 

= B t (X) + ^(|A| 1 / m )«-; i/m F(A)- 1 T 0 (A) 

-B(X)A(X)K(\X\ 1 ^R- x ] 1/m F(X)~ 1 T 0 (X). 

By construction of the parametrix we have \\BT(X)\\&( x -m/ 2 L 2 ) = 0(|A| _1 ) as |A| —* 
oo. In view of ||^o(A)||_ sf ( a ,- m /2 i 2 C d") = 0(|A| -1 ) and (18.181) we further obtain 

ll^; i/m ^(A)- 1 ^o(A)||^ (3; _ m/ 2 i , ) 5 max ) = OdA)- 1 ) as |A| - oo, 
and consequently, using ra, we get 

||^(|A| 1/m ) K^| 1/m F(A) _1 7^(A)||_ 5f(a .-m / 2 i 2) = 0(|A| _1 ) as |A| - oo. 

On the other hand, by lErra and the estimates 18.711 18.911 we have 

H*jJ /m (A - A)^(|A| 1 /™)K-J 1/mJ F(A)- 1 ||^ (c ^, x - m/ 2 i 2) = 0( |A|), (8.20) 

||«-| 1/m7 B,^(|A| 1 / m )«-J 1/mJ F(A)- ||_ sf ( C d" i/c m-m 3 - 1/2 ,m / 2-m i ) = o(\xr /m ) 

(8.21) 


as |A| —> oo for all j = 1,..., K. 

Let u) E C'q°([ 0, 1)) be any cut-off function near zero. For large A we may write 
S(A)A(A)^(|A| 1/m )«-| 1/m F(A)- 1 To(A)=B(A) < iA(A)^(|A| 1/m )ft-] 1/m F(A)- 1 To(A), 
and for the components of the parametrix 

B(A) = (B t (A) Bi(A) B k ( A)) 

we have by construction the norm estimates 

\\!3T{X)ujK^i/m.\\ s? ^ x _ m / 2L 2fY A - l E), x - m /2Ll(M-,E)) = ^(|A| )i (8.22) 

||Sj(A)o)/t| A |l/ m ||_ sf(;c m-m 3 -l/2,m/ 2 -m 3iX _ m/2J -2 (1 g; B )) =0(|A| m A m ) (8.23) 

as |A| —> oo for j = 1,..., K (the operator family g( A) = ui'Bj(X)Cj satisfies the 
estimate 17.1011 with fi = —m,j in JC m ~ m j-i/ 2 ,m/ 2 -m j _^ p A min w ith respect to the 
normalized dilation group action n e on both spaces). 

In view of 18.2011 18.2811 and \\T 0 {X)\\j f ^ x - m / 2 L 2 C d"' ) = 0(|A| x ) we now conclude 
that, as |A| —> oo, 

||S(A)A(A)iF(|A| 1 / m )k-; i/m F(A)- 1 r 0 (A)||^ (x - m/ 2 i 2 } = OdAI’ 1 ). 
Summing up, we obtain 

II (Av - A) -1 II j?( x -mi 2 L 2 b ) = 0(|A| _1 ) as |A| -> oo 


as desired. 


□ 
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The following lemma completes the proof of Theorem 18.11 
Lemma 8.24. With the notation of the proof of Theorem In'. II let 

F(X) = T(X)A(X) :£ max ^C d ", 

F a (X) = T a (A)A(A) : f A ,max - C d ". 

Then 

||(F(A)-F A (A)6»)K| A |i/ m ||_ Sf( £ maxCd // ) -»0 as |A| —> oo. (8.25) 

Proof. For proving it is sufficient to consider the restrictions 

(F(A)-F A (A)0)S |A| i /m :£a 0 ^C d " 
for all do G £. First of all, observe that 

F(X)k w/m = T(X)A(X)K(\X\ 1 / m ), and 

-f/\(A)0K|^|i/m = F A (A)K| -!v |i/m0 = T A (X)A/\(X)n\^\i/m.uj9 

with the operator family K(g) = u{gx)k e from Lemma 18.61 If o; 0 G ([0,1)) is a 
cut-off function near zero with w -< wo, then 

(F( A) - F a (A)0)K| A |i /m = T(A)Al(A)JG(|A| 1 / m ) - T A (A).4 A (A)K| A |i/ m w0 

= T(A)w 0 Al(A)IG(|A| 1 / m ) - T A (A)w o Al A (A)R| A |i/ m w0 

= T(A)w 0 (^(A)^(|A|V m ) - Al A (A)«| A |i/ m w0) 

+ X (A) ~ T A (A))woA(A)«| A |i/ m w0. 

Now 

(T(A) —7 A (A))woyl A (A)ft| A |i/mw0 = ^(T(A)—7A(A))woK| A |i/m j ^| A |i/ m -d A (A)(v| A |i/ m w0^, 
and consequently this term is o(l) as |A| —> oo. Recall that 

ll(^fe(A) — ^fc, A (A))w 0 K| A |i/m || = 0(|A| _(mfc_1 ^ m ) 

for k = 0,..., K, where mo = m. On the other hand, we have 

T{X)io 0 (A{X)K(\X\ 1 / m ) - Al A (A)K| A | 1/m wd) = 

(r(A)w 0 K| A| i /m ) («-| 1/m Al(A)A'(|A| 1 / m ) - «-} 1/m A(A)«| A |x /ra u,6l). 

By E3 and (E3) in Lemma l8.(il (see also Lemma 6.20 in 0) and Lemma IQ 
it follows that each summand in this matrix multiplication is o(l) in the norm as 
|A| —► oo, and so the lemma follows. □ 

Finally, we want to point out that under the assumptions of Theorem 18.II we get 
the existence of the resolvent of A with polynomial bounds for the norm also for 
realizations in Sobolev spaces of arbitrary smoothness s > — A. The proof follows 
along the lines of this section. The advantage in this case is that we need not be 
as precise with the bounds as for the case of £ _m / 2 L 2 -realizations. 

Theorem 8.26. Let G3J be c-elliptic with parameter in the closed sector A C C, 
and consider the unbounded operator A in x~ m ^ 2 F[^(M\ E) under the boundary 
condition Tu = 0 on some intermediate domain n (Ar) C V s (At) C L>J lax (j4-r), 
where s > — A. 
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Let 2?a(^.a,t a ) = 9(D(At)) be the associated domain for the model operator A a 
under the boundary condition T A u = 0 in x~ m / 2 L 2 (Y^ •, E) according to Proposition 
\6.11l and assume that A is a sector of minimal growth for A a with this domain. 
Then 

A V s- A : V s (A t ) -> x- m/2 Hf(M- E) 

is invertible for large A € A, and the resolvent can be written in the form (IQi . 
Moreover, there exists M(s) € K. such that 

||(Ax> S - A) ||jf( x -m/2 H‘) = 0(1 A| A/ ^) 

as |A| —> oo. 
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